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Abstract
Observations suggest that there is more baryonic matter than antibaryonic matter in the Universe. This matter-antimatter asymmetry may have
spawned from leptonic CP violation before the electroweak phase transition.
Here, we propose a leptogenesis model based on a scalar field UV completion of the Weinberg operator. The scalar field is such that it preferentially
decays into leptons by virtue of sterile right-handed neutrinos with Majorana masses. We expect our model to be the dominant lepton-antilepton
asymmetry-generating mechanism. In the most interesting (and simplest)
limit of the model, where the right-handed neutrinos are heavy relative to
the new scalar particle, we obtain intermediate results on an effective field
theory estimate for the degree of CP violation.
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Chapter 1

Introduction
The greatest detective case to which humanity has ever been assigned is that
most bewildering pursuit of the laws that underlie ourselves and the world.
If history has taught us anything, it’s that this hunt is hard, for things are
seldom as they seem. Heck, things are practically never as they seem!
Plato likened our position to people who had lived their entire lives
jailed in a cave, facing a dull and blank wall, and seeing nothing but
recurring shadows on the walls cast by the passing of things behind them.
Understandably, though mistakenly, the cavepeople would come to believe
that these shadows were the full reality. Perhaps, with inordinate time on
their hands, they may even formulate a theoretical framework with which
to explain and predict the motions of the mysterious silhouettes — their
“theory of everything.” Plato argued that our reality is no different; that we
too are locked up with mental shackles that sabotage whatever subjective
perceptions of Nature we believe to be objective truths of Nature. In order to
see what’s really there, we must break free of the heavy restraints, and amass
the courage to step outside the allegorical cave.
Luckily, there have been a handful of Sherlocks and Poirots in the past
centuries, offering a hand in this unfolding detective novel, who have
managed to slip free of the burdening shackles and, collectively, uncover a
smorgasbord of seminal clues that have forever shaped the course of human
history. Among them include: Newton, whose prodigious contributions
to our understanding of the “classical” motions of things brought us to
the Moon and back and even put a Tesla® in space; Maxwell, whose
pioneering electromagnetic theory shined light on light itself and birthed the
technologically-advanced society in which we live; Einstein, whose theory of
relativity bequeathed to us the vision of harnessing the energy of the atom,
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as well as a precise means with which to study the Universe on all spatial
and temporal scales; Heisenberg, Bohr, and Schrödinger, whose profound
insights into the “small” enabled us to grapple and dominate the enigmatic
atom and eventually extract its energy; and Dirac and Feynman, whose
imperative to marry the “fast” with the “small” culminated in the most
successful physical theory to date, which has since spawned a revolution in
our understanding of the basic building blocks of Nature.
Of course, this list is by no means complete: no single person or group
of people can unilaterally overturn the ideas of all those before them. Still,
those listed unarguably contributed to dismantling the prevailing Kuhnian
paradigm of their time, and, with the ashes therefrom, constructed one anew.
The question is: to where will the paradigm shift next? My own ontological
and epistemological predilections are such that the answer depends on what
clues we are capable of uncovering today.
In this thesis, we propose a new theory of leptogenesis to explain how
the vast matter-antimatter asymmetry throughout the Universe came to be.
In this first chapter, we provide a brief recount of the many extraordinary
successes of the Standard Model of particle physics, including (for fun) a
profound philosophical implication one can derive from it. We then discuss
its flaws, especially the problem with which this thesis is concerned: the
matter-antimatter asymmetry. We present on possible solutions to this
puzzle, including theories of leptogenesis. The second chapter focuses on
the mathematical tools with which our theory of leptogenesis is built, in
particular: the quantum field theory of Weyl spinors, spontaneous symmetry
breaking and the Higgs mechanism, and neutrino oscillations and the type-I
see-saw mechanism. The third and final chapter summarizes the original
work of this thesis on leptogenesis that was completed in collaboration with
Brian Shuve and Carlos Tamarit over the past year. We close with comments
on the future prospects of our research.

1.1

The Standard Model: A Remarkable Thing

In chemistry 101, students are introduced to a matured version of Mendeleev’s
Periodic Table of the Elements. Like a taxonomist categorizing the hierarchies of
life, the Table organizes all known elements of Nature into a semi-rectangular
matrix that neatly summarizes the properties of each element, and gives
insight into how different elements will interact with each other. It is unquestionably a remarkable feat of human ingenuity. Nevertheless, the Table
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Figure 1.1 The Standard Model of Particle Physics (adapted from Ref. [1])

is sometimes mistakingly advertised as a catalog of the indivisible things
from which everything is made. Indeed, some chemistry 101 students may
well graduate with that impression, failing to philosophize in Democritus’
profound and bottomless marvel: can the cheese be cut further?
Fast-forward to particle physics 101. After the first few lectures, every
student’s answer has indefinitely changed from their chemistry days, “Yes,
in fact, deeper down there are more fundamental things.” Democritus,
persistent as he is, asks one of the students, “But can you cut the cheese
again?” Not knowing for sure, the student stumbles, and falls face-first into
an arts and crafts box filled with string.
You can’t. At least, that’s what all experiments ever done suggest. It
appears that the seventeen particles constituting the Standard Model (SM) of
particle physics (Fig. 1.1) are the indivisible building blocks that makeup
everything in the Universe. That’s no small statement! In some philosophies,
this implies that an encyclopedic understanding of how the seventeen SM
particles interact is, in principle, all one needs to know in order to understand
the other structures in the Universe, small or large, human or not, including
the many bewildering cognitive notions such as consciousness and qualia.1
1It goes without saying that I am glossing over centuries-worth of philosophical debates
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Quantity

Measured

SM Prediction

Mass of W Boson

80.387(19) GeV

80.390(18) GeV

Mass of Z Boson

91.1876(21) GeV

91.1874(21) GeV

Fine-Structure Constant

137.035999084(21)

137.035999174(35)

Table 1.2 Some numerical predictions of the Standard Model [2–8].

Of course, in any practical (human) study of “larger” things, a coarse-grained
approach is necessary, for we all have cognitive limitations.
A separate remarkable feature of the SM particles is its tacit implication
that, for example, every electron is absolutely identical to every other electron.
In this sense, Nature is akin to an incomprehensibly immaculate factory that
has to date manufactured a near innumerable number (∼ 1080 ) of elementary
particles, such that this whole cacophonous ensemble can be categorized
down to the minutest detail by just seventeen distinct labels.
Aside from its philosophical wonders, the SM is among the most successful physical theories ever devised. Indeed, by the standard metric of “how
similar the numbers the theory predicts are to the numbers the experiment
outputs,” the SM is unparalleled. For example, it has predicted to exquisite
precision many of the properties of the particles all around us, such as
the masses of the W and Z bosons [2–6], the anomalous magnetic dipole
moment of the electron [7; 8], and the fine-structure constant [8]. See Tab. 1.2.
But there are other successes as well, the most notable being the prediction
of the Higgs boson, which was detected in 2012 [9], nearly fifty years after it
was first postulated by Higgs, Englert, Kibble, and Anderson [10–13].

1.2

Particle Physics Today and 13.8 Billion Years Ago

Today, however, the SM is known to be incomplete. Here are a few examples.2
First, the SM ignores gravity completely. The jury is still out on how
to consistently reconcile the gravity and quantum realms. Perhaps string
theory [15], perhaps not [16].
on, e.g., reductionism versus holism and materialism versus antimaterialism. What I say
here derives from my own reductionist (and type physicalist) ontology. Also, I am skimming
right over the fact that the SM says nothing about gravity. Enter, e.g., string theory.
2See Ref. [14] for a more extensive list on the shortcomings of the Standard Model.
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Second, observations of the cosmic microwave background (CMB) [17]
and light curves from several hundred type-Ia supernovae [18; 19] suggest
that the Universe is undergoing a phase of late-time, accelerated expansion.
Whereas this expansion can be accounted for in general relativity by adding
a cosmological constant to the Einstein field equations [18], calculating the
value of that cosmological constant in terms of, for example, the zero-point
energies of SM quantum fields leads to a numerical discrepancy on the order
of 10120 [20]. This is the dark energy problem, and the jury is out here too.
Third, the SM predicts neutrinos to be massless. In 1998, however, this
idea was upended by observations of atmospheric neutrino oscillations at
the Super-Kamioka Neutrino Detection Experiment [21]. We shall discuss
neutrino oscillations and feasible extensions to the SM that account for
neutrino masses in § 2.5.1.
Fourth, there are a variety of hierarchy problems within the SM [14],
including in particular the hierarchical form of the Yukawa couplings of
quarks and charged leptons [22]. Incidentally, in Chapter 3, our theory of
leptogenesis will be formulated in such a way so to not further aggravate
this “flavor problem.”
Fifth and finally (but not actually finally [14]), there is an unconscionable
imbalance between the amount of matter and antimatter in the Universe.
We discuss this in detail in the next subsection.

1.2.1

The Matter-Antimatter Asymmetry

In 1928, Paul Dirac, in an effort to marry quantum mechanics with special
relativity, published his equation for relativistic fermions [23], for which he
won the Nobel Prize in Physics in 1933. In doing so, he also predicted the
existence of antimatter, which Carl Anderson would see for the first time in
1932 using a cloud chamber [24]. That it took until 1932 for humanity to see
antimatter is a testament to the superabundance of matter all around us.
Today, it has been experimentally verified that every known particle has a
corresponding antiparticle. The inextricable relationship between a particle
and its antiparticle is encapsulated in the CPT theorem, which states that
all the known laws of physics are exactly symmetric under the combined
operations of charge conjugation (C), parity (P), and time-reversal (T ) [25].
Under the operation CP alone, one finds that a matter particle in Dirac’s
theory transforms to its corresponding antiparticle that Dirac predicted [26].
Therefore, acting on a particle’s antiparticle with T will get back the particle
by the CPT theorem. Crucially, these operations neither change the mass
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nor the lifetime of a particle [25]. Thus, a particle and its antiparticle have
the same mass and lifetime, even though their charges are exactly opposite.
With such a deep and primal symmetry to the particles that underlie the
world, it is quite puzzling that everything around us, on Earth and in the
whole observable Universe, is made of matter. Of course, why there is such a
matter-antimatter disparity is a non-issue. A simple anthropic argument
can resolve that question (after all, we owe our existence to their being more
matter than antimatter). What is an issue, however, is the question of how
there is a matter-antimatter asymmetry. This is not so simple, and that
makes it more interesting.
There are two main interpretations of the matter-antimatter imbalance:
either the Universe was born with more baryonic matter than antibaryonic
matter,3 or the Universe was born with equal parts, but during the course of
its evolution, a spree of phenomena (known as a baryogenesis) engendered an
imbalance in favor of matter over time [27]. Of course, it could also happen
that some linear combination of these two were at work.
However, in the context of cosmic inflation [28–31], there is strong
reason to believe that a primordial baryon-antibaryon asymmetry would be
insufficient to explain the observed asymmetry today. If indeed the Universe
underwent an inflationary epoch of exponential expansion during its very
early history (t ∼ 10−33 seconds), then any reasonable primordial baryonantibaryon asymmetry would be diluted away following inflation [32]. This
leads us to expect that, following the inflationary epoch, a baryogenesis
occurred that generated the existing asymmetry today. To bolster this point,
it is useful to carefully track the reactions going on after inflation.
According to the Big Bang theory [33] (specifically the reheating phase
after inflation), the late-time accelerating expansion of the Universe [18; 19],
and observations of the CMB [34; 35], the early Universe (t < 10−6 ) was very
dense and hot (T & 1.16 × 1013 K) such that matter-antimatter pair creation
and annihilation reactions were in thermal equilibrium. Hence, around this
time, antimatter was present and played a crucial role in sustaining the postinflation thermal equilibrium. However, with spacetime expansion came
cooling, which monotonically suppressed the rate of particle-antiparticle
creation relative to annihilation [32]. Indeed, when particle energies were
sufficiently low that pair creation effectively stopped, almost all particles
and antiparticles annihilated, leaving only the remnant amounts of hadronic
“stuff” that we call matter. Therefore, accepting that no primordial matter3We refer only to baryonic matter because that is the asymmetry that is directly observed.
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antimatter asymmetry existed (or that it was effectively diluted to zero by
inflation), then, during the course of the reheating and subsequent cooling
phases of the Universe, it seems most likely that a baryogenesis kindled the
additional amount of baryonic matter that exists around us today [36].
We can, in fact, quantify this baryon-antibaryon imbalance. To do
so, let n B and n B denote the number density of baryons and antibaryons,
respectively, in the Universe. The baryon asymmetry of the Universe is
then most naturally defined as the difference n B − n B , normalized by the
net abundance of baryonic and antibaryonic matter, n B + n B . However,
since the primary product in a baryon-antibaryon annihilation is radiation,
n B + n B ≈ n γ , where n γ is the number density of photons in the Universe.4
The resulting ratio can then be estimated by, for example, observations
of the power spectrum of temperature fluctuations in the CMB [37], or,
separately, analyses on the primordial abundances of, for instance, 3 He, 4 He,
and deuterium in Big Bang nucleosynthesis models [36]. Remarkably, both
measurements are within the same order of magnitude [32]:
η≡

nB − nB
nB + nB

∼
T & 1.16×1013

K

nB − nB
nγ

∼ 10−10 ,
T2.73 K

where T  2.73 K is the temperature of the CMB today. Consequently,
the goal of any baryogenesis model is to predict a baryon asymmetry
η ∼ 10−10 . Though the details between different baryogenesis proposals can
vary considerably [36], each model, in order to remotely qualify as plausible,
must satisfy the three Sakharov conditions for a successful baryogenesis [38]:
(i) baryon number violation;
(ii) C and CP violation;
(iii) a deviation from thermal equilibrium.
These are straightforward to derive.
Suppose at some early time t0 in the history of the Universe we knew
the Universe’s density matrix ρ 0 and the Hamiltonian H governing all the
relevant particle interactions gong on. Then, by the Liouville-von Neumann
equation, we know the state of the Universe at others times as well, for we
4Whereas this estimation is stable at late times (since it remains relatively constant during
the late-time expansion), at earlier times and high temperatures a better measure is the
entropy density of the baryonic matter. See Ref. [36] for more details.
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have (in the Schrödinger picture)
i~


∂ρ ( t ) 
 H, ρ
∂t

with the initial condition ρ ( t0 )  ρ 0 . This is, of course, just a standard
quantum mechanical evolution of a quantum system ρ, so we can deduce
from it the evolution of observables in ρ by acting on the system with the
appropriate operators.
With this in mind, consider the baryon number operator, B, whose action
on the state ρ returns the baryon number NB ∝ η of the Universe at time t,
NB ( t )  Tr Bρ( t ) .





Clearly, if [B ( t0 ) , H ]  0 and NB ( t0 )  0, then NB ( t )  0 for all time t. Hence,
without baryon number violation, it is not possible for the state ρ to evolve
from a state with NB  0 to one with NB , 0.
Since a matter-antimatter imbalance is an imbalance between the C and
CP operators, the theory out of which the matter-antimatter asymmetry
emerges ought to distinguish between matter and antimatter types. In other
words, the C and CP symmetries better be broken in the theory, or else
any matter-antimatter asymmetry that is generated will be compensated for
by its C or CP conjugate process. To see this more formally, suppose the
initial state ρ 0 is either C or CP symmetric, and [C, H ]  0 or [CP, H ]  0.
It follows that ρ( t ) is C or CP symmetric for all t, which implies NB ( t )  0
for all t. In other words, without C and CP violation, no baryon asymmetry
can be generated.
Finally, in order to change from a NB  0 state to one with NB , 0, there
must be an “arrow of time” along which the baryon number can evolve.
Crucially, this cannot happen in thermal equilibrium, for thermal equilibrium
is, by definition, invariant under time translations, so all observables in the
system are constant. Therefore, if NB ( t0 )  0 in a thermal equilibrium, then
NB ( t )  0 for all t within the lifespan of that thermal equilibrium. It follows
that a baryon number asymmetry requires an out-of-equilibrium process.
In principle, the SM fulfills all three of Sakharov’s conditions [36; 39]. For
example, (i) is satisfied by SM sphaleron processes [40; 41], (ii) is satisfied
by the weak interaction and the quark Yukawa couplings [42], and (iii) is
fulfilled by the electroweak phase transition [43; 44] and, through cosmology,
by the expansion of the Universe. Unfortunately, though, the degree of
CP violation allowed by the SM is so small that it is extremely unlikely a
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successful baryogenesis is possible within the SM [27; 32; 36; 39]. Hence,
we expect CP-violating processes beyond the Standard Model to play a key
role in any feasible baryogenesis mechanism.
In fact, one promising mechanism for a baryogenesis is not a baryogenesis
at all. At least, not initially. The SM sphaleron processes [40; 41] mentioned
above provide a means by which a lepton asymmetry can be converted
into a baryon asymmetry [45; 46]. This implies that a leptogenesis before the
electroweak phase transition could be the origin of the baryon-dominated
Universe in which we live. This is the possibility we pursue in this paper.
It is well-known that extending the SM by way of at least two sterile righthanded neutrinos with Majorana masses allows for CP-violating processes
since Majorana masses violate lepton number. Additionally, the rate of their
Yukawa interactions can be slow enough relative to the rate of expansion of
the Universe such that a departure from thermal equilibrium occurs [39].
Incidentally, the generic mechanistic structure that underlies a leptogenesis
via right-handed neutrino decays also affords a natural explanation for the
observed SM neutrino masses.
These ideas and more are discussed in detail in the next chapter. Before
that, however, we briefly list the conventions that are employed in this thesis.

1.3

Conventions

For the remainder of this paper, we adopt the natural system of units in
which c  ~  1. Additionally, we shall operate in a 3 + 1 dimensional
Minkowski spacetime (M, g ) in which the metric g is equipped with the
(wrong) West Coast signature,
g µν  g µν  diag (+1, −1, −1, −1) .
There are a variety of indices used throughout this paper. Their meanings
range from spacetime coordinates to spinor indices to lepton flavors. As the
Latin and Greek alphabets are both very much finite, there will be overlap
on what alphabet represents which indices. Rather than going into all the
possibilities here, we will instead explicitly mention what any new set of
indices mean when it is appropriate to do so. Thereafter, we shall mostly
rely on context to distinguish between the diverse sets of indices. Note also
that we apply the Einstein summation convention within each indexing set.
Aside from indices, Rn denotes n-dimensional Euclidean space and Cn×n
denotes the set of n × n complex valued matrices. Other set structures will
be defined when they first appear.

Chapter 2

The Prerequisite Quantum
Field Theory
Like the metric tensor in general relativity, quantum fields are the mathematical idea that bring the Standard Model to life. In this chapter, we review
the relevant topics in quantum field theory (QFT) that underlie our model of
leptogenesis. We begin with the representation theory of the Lorentz group,
which answers the age-old question, “But what is spin really?”

2.1

Representation Theory of the Lorentz Group

In quantum theory, states evolve unitarily so to conserve probability. In
special relativity, “the physics” is unchanged by general Lorentz (and even
more general Poincaré) transformations. Therefore, in order to fuse quantum
mechanics with special relativity, we need a notion of “unitary Lorentz
transformations.” This is done by building a unitary representation of the
Lorentz group on the Hilbert space of the quantum field of interest.
According to the special theory of relativity, all coordinate frames that
are related to a given inertial frame x µ by a Poincaré transformation are
physically equivalent. A general Poincaré transformation of x µ is given by
µ
x µ 7→ Λ ν x ν + a µ , where a µ is a constant spacetime translation and Λ is a
4 × 4 Lorentz matrix that is defined to leave the Minkowski metric invariant,
g µν Λ

µ

ν
αΛ β

 g αβ .

(2.1)

The set of all Poincaré transformations forms the Poincaré group — the Lie
group containing all the isometries of Minkowski spacetime. The Lorentz
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group, denoted O(3, 1), is the Lie subgroup of the Poincaré group that stabilizes the origin (a µ  0). As is canonically done, we shall restrict ourselves
to the proper (det Λ  1) and orthochronous (Λ00 ≥ 1) Lie subgroup of the
Lorentz group, denoted SO+ (3, 1), in order that the set of transformations we
consider be continuously connected to the identity δ ∈ SO+ (3, 1). In other
words, we remove time-reversal and parity transformations so that all the
transformations we consider are restricted to just one of the four connected
components of O(3, 1) [47]. This way, we may with impunity compound
infinitesimal Lorentz transformations1 to build finite ones.
To this end, let dΛ ∈ SO+ (3, 1) be an infinitesimal Lorentz matrix, which,
by the continuity of the Lorentz group, acts in a neighborhood of the identity:
dΛ  δ + G + O G 2 .



(2.2)

Here, G, the generator of the Lorentz group, is a 4 × 4 matrix that satisfies the
antisymmetry condition gG g  −G > by virtue of Eq. (2.1).2 This condition
implies G contains six independent components. Thus, SO+ (3, 1) itself is a
Lie group with six real, independent parameters that we call θk and ζ k for
k ∈ {1, 2, 3}. In general, therefore, we can write
G  −iθk J k − iζ k K k ,
where the repeated indices are implicitly summed, and the continuous
parameters θk and ζ k control the 4 × 4 matrices J k and K k that span the
Lie algebra of SO+ (3, 1),


so+ (3, 1)  G ∈ C4×4 : gG g  −G > .
Now, as with any vector space, there are an innumerable number of bases
with which we can study so+ (3, 1). The canonical and most insightful one
has the following choices for J k :
0 0 0

0

*.
+
0 0 0 0 //
1
.
J .
,
.0 0 0 −i //
,0 0 i

0-

0

0
0
0
0
−i
,

*.
0
2
J  ..
.0

0 0
+
0 i //
,
0 0//
0 0-

0 0

0

0

*.
+
0 0 −i 0//
3
.
J .
,
.0 i 0 0//
,0 0 0 0-

1Hereafter, by “Lorentz transformations” we mean transformations in the proper and
orthochronous subgroup SO+ (3, 1).
2Here > denotes transposition.
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and the following choices for K k [47; 48]:
0

i

0 0

0 0

+
*.
i 0 0 0//
1
.
,
K .
.0 0 0 0//
,0 0 0 0-

i

0 0 0

0

+
*.
0 0 0 0//
2
.
,
K .
. i 0 0 0//
,0 0 0 0-

i

+
*.
0 0 0 0//
3
.
.
K .
.0 0 0 0//
, i 0 0 0-

These matrices obey the following commutation relations:



J i , J j  i i jk J k ,





J i , K j  i i jk K k ,




and

K i , K j  −i i jk J k ,



where  i jk is the Levi-Civita pseudo-tensor defined such that  123  1. The
matrices J k and K k constitute the defining four-vector representation of the
Lorentz algebra so+ (3, 1), and we identify J k as the generator of rotations
and K k as the generator of boosts.
Notice, whereas the rotation generators are Hermitian, the boost generators are not. It is natural, therefore, to look for a purely Hermitian set of
generators of the Lorentz group. The following matrices do the part:
N±k ≡


1 k
J ± iK k ,
2

which simplify the Lie algebra to

f

j

g

N±i , N±  i i jk N±k

f
and

j

g

N±i , N∓  0.

We recognize the first commutation relation as two instances of the Lie
algebra on the two-dimensional special unitary group SU(2). Hence, we
have managed to decompose the Lorentz algebra into two independent
SU(2) subalgebras,3
so+ (3, 1)  su(2) ⊕ su(2).
This implies that we can construct all the representations of the Lorentz
group from the representations of SU(2) that are familiar from quantum
mechanics. We shall label a generic representation of the Lorentz group by
(n− , n+ ), where n± are the eigenvalues of the two SU(2) operators N± .4 The
dimension of the representation ( n − , n + ) is equal to (2n − + 1)(2n + + 1), and
the identity operator is denoted by I(n− ,n+ ) .
3Strictly speaking, this decomposition is not correct, for su(2) ⊕ su(2) is compact while
so+ (3, 1) is not. The correct decomposition uses the complexified direct sum, so+ (3, 1) 
su(2) ⊕C su(2). However, this point is immaterial for our purposes. See Ref. [47] for details.
4To answer the question at the start of the chapter, the “spin” of a particle refers to the
representation of the Lorentz group under which the particle’s quantum field transforms.

14 The Prerequisite Quantum Field Theory
Consider now a quantum field theory on a Hilbert space H of a general
N-component field ΨA , where A ∈ {1, . . . , N } is a generic Lorentz index.
In order that all operators L R in the R  ( n− , n+ ) field representation of
SO+ (3, 1) comport to their definition,
L R ( δ )  IR

and

L R (Λ1 Λ2 )  L R (Λ1 )L R (Λ2 ) ,

∀Λ1 , Λ2 ∈ SO+ (3, 1) ,

we expect the field ΨA to transform as follows:5
ΨA ( x ) 7→ Ψ0A ( x )  (L R )AB (Λ)ΨB (Λ−1 x ).

(2.3)

Now, in quantum theory, unitary (and antiunitary) operators defined
on H govern the evolution and symmetries of the field ΨA [26; 47]. Let us
denote by U(H ) the set of unitary operators on H. Then, in quantum theory,
we expect a general Lorentz transformation Λ ∈ SO+ (3, 1) to act on ΨA in a
unitary fashion,
ΨA ( x ) 7→ Ψ0A ( x )  U † (Λ)ΨA ( x )U (Λ) ,

(2.4)

where U : SO+ (3, 1) → U(H ). This furnishes a unitary representation of
SO+ (3, 1). According to the Wightman-Gårding axioms of quantum field
theory, Ψ0A ( x ) in Eqs. (2.3) and (2.4) are identical,

(L R )AB (Λ)ΨB (Λ−1 x )  U † (Λ)ΨA (x )U (Λ),
for any (finite) field representation R [49]. Hence, it suffices to provide
only the field representation (2.3) in order to fix the corresponding unitary
representation (2.4).

2.2

The Weyl Formalism

According to the Standard Model, spin- 12 fields are chiral, which implies their
left- and right-handed components are fundamentally distinct. Despite this,
they are canonically described in the four-component Dirac formalism, which
mixes together the two separate chiral fields. Though there is a time and
place for this notation, it can make certain calculations a big mathematical
mess. The calculations in our theory are an example. As such, it is highly
convenient to use instead the two-component Weyl formalism in which the leftand right-handed fields are treated separately and as the fundamentally
distinct objects that they are. Here, we detail the Weyl formalism, and give
the Feynman rules that underlie our amplitude calculations in Chapter 3.
5This expectation also derives from how fields in the (0, 0) “scalar” representation
transform. See Ref. [26] for more.
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2.2.1

Weyl Spinor Fields

In the Standard Model, neutrinos are left-handed Weyl spinors, while antineutrinos are right-handed Weyl spinors [50]. These constitute the simplest
non-trivial irreducible representations of the Lorentz algebra:





1
,0
2


1
0,
2

←→

left-handed Weyl spinor,

←→

right-handed Weyl spinor.

In the left-handed ( 12 , 0) representation, J k  σ k /2 and K k  iσ k /2, where
σ k  ( σ1 , σ2 , σ3 ) are the Pauli matrices. On the other hand, in the righthanded (0, 12 ) representation, J k  σ k /2 and Kk  −iσ k /2. Since the Pauli
matrices are Hermitian, it follows that the ( 12 , 0) and (0, 12 ) representations
are related through Hermitian conjugation. Thus, neither representation
contains more fermionic degrees of freedom than the other.
We denote a general left-handed spinor field by ψ α , which carries a
Greek index α ∈ {1, 2}. A general right-handed spinor field is denoted by
ψ†α̇ , and is decorated with a dotted Greek index α̇ ∈ {1, 2} and a dagger, †.
Keep in mind, the † does not denote any sort of conjugation. Rather, it is
notation that encodes into the spinor symbolism the observation from above
that left- and right-handed representations, and hence their corresponding
spinor fields, are related through Hermitian conjugation:

(ψ α )†  ψ†α̇ .

(2.5)

The two Weyl spinor fields can also have raised indices, which corresponds to the two additional, albeit equivalent, spin- 12 irreducible representations of the Lorentz group in which the representative Lorentz operators
are related to the inverses of the corresponding ( 12 , 0) and (0, 21 ) Lorentz
operators. See Ref. [51] for details. Like in Eq. (2.5), these “inverted” spinor
fields with raised indices are related through Hermitian conjugation:

(ψ α )†  ψ†α̇ .
Again, the † decoration is part of the notation for the right-handed field.
Weyl fields with raised indices are related to Weyl fields with lower
indices through the totally-antisymmetric, two-component invariant symbol
 that satisfies
12  − 21   21  − 12  1,
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where the indices can be either left- or right-handed in nature. This symbol
is sometimes called the spinor metric tensor because it raises and lowers spinor
indices like a metric tensor would:
ψ α   αβ ψ β ,

2.2.2

ψ α   αβ ψ β ,

ψ†α̇   α̇ β̇ ψ†β̇ ,

ψ†α̇   α̇ β̇ ψ†β̇ .

Dirac and Majorana Spinor Fields

In the Standard Model, leptons such as electrons are Dirac spinors, which are
essentially just two Weyl spinors scrunched into one object. More precisely,
they transform under SO+ (3, 1) in the representation that is the direct sum
of the left- and right-handed Weyl spinor representations,







1
1
, 0 ⊕ 0,
2
2


←→

Dirac and Majorana spinors.

It follows that a general Dirac spinor field is a four-component object that
consists of two independent two-component Weyl fields:
ηα
ΨD  †α̇ .
ξ

!

(2.6)

That we can decompose any Dirac spinor into two Weyl spinors implies that
any equation with Dirac spinors can be decomposed into Weyl spinors. In
particular, the Dirac Lagrangian can. This is given by [50]
LDirac  iΨD ∂/ΨD − mΨD ΨD ,

(2.7)

where

!

ΨD ≡

Ψ†D

0 1
 ξα
1 0

η†α̇ .



In order to write LDirac in terms of Weyl spinors, however, we must first note
that the Dirac matrices γ µ implicit in ∂/ ≡ ∂µ γ µ can be written in terms of
the Pauli matrices as follows:
µ

0
γ  µ
σ

σµ
.
0

!

(2.8)

Here, σ0 ≡ σ0 ≡ I2×2 is the 2 × 2 identity matrix and σ k ≡ −σ k for k ∈ {1, 2, 3}.
Now we can expand Eq. (2.7) in terms of the Weyl fields in Eq. (2.6),
LDirac  iη†α̇ σ µ

α̇β

∂µ η β + iξ α ( σ µ )α β̇ ∂µ ξ †β̇ − m ξ α η α + η†α̇ ξ †α̇ .



(2.9)

The Weyl Formalism 17
Notice that in order to make the spinor index contractions work, we had
to assign spinor indices to the Pauli matrices themselves. Specifically, the
spinor indices on the Pauli matrices are raised on the barred version and
lowered on the unbarred version:
σµ

α̇β

≡ σµ

and

σ

µ
α β̇

≡ σµ .

Crucially, the way we have assigned these indices requires that products of
these matrices alternative in order that the spinor contractions make sense.
As we shall see, this is imperative when calculating the spin-sums associated
with Weyl spinor wavefunctions. Furthermore, this assignment allows us to
adopt the very convenient convention that descending contracted undotted
indices, α α , and ascending contracted dotted indices, α̇ α̇ , can be erased from
the notation. With this rule, the Dirac Lagrangian (2.9) can be written in a
less cluttered fashion,
LDirac  iη† σ µ ∂µ η + iξ † σ µ ∂µ ξ − m ξη + η† ξ † .



(2.10)

All of these comments carry over to Majorana spinor fields, for which
the Lagrangian in four-component notation is [50]
i
1
LMajorana  ΨM ∂/ΨM − mΨM ΨM ,
2
2
where
ΨM

ψα
≡
ψ†α̇

!

is a general Majorana field. In terms of its defining Weyl field ψ, the Majorana
Lagrangian simplifies to


1
LMajorana  iψ† σ µ ∂µ ψ − m ψψ + ψ† ψ† ,
2

(2.11)

where we have utilized the spinor contraction convention from above to
simplify the notation.
These examples demonstrate that an arbitrary theory of spin- 12 fermions
in the Weyl formalism will look something like [52]


1
L  iψ†i σ µ ∂µ ψ i − µ i ψ i ψ i + ψ†i ψ†i
2


+ iη†j σ µ ∂µ η j + iξ †j σ µ ∂µ ξ j − m j ξ j η j + η†j ξ †j , (2.12)
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where i, j ∈ {1, 2, 3} are flavor indices and µ i and m j are, respectively,
diagonal Majorana and Dirac mass matrices. That the general form of a
fermionic theory can be decomposed into strict Majorana and Dirac terms is
proved in Ref. [51].
In order to simplify Lagrangians and squares of matrix elements, it is
useful to understand how products of Weyl spinors behave under Hermitian
conjugation. Let Σ denote an arbitrary product of alternating σ and σ
matrices, and Σ← the same product but in which the order of multiplication
is reversed. For example,
Σ  σσσσ

⇒

Σ←  σσσσ.

Then, it is straightforward to show that
ηΣξ

†

 ξ † Σ← η†

and

ηΣξ †

†

 ξΣ← η† .

(2.13)

In particular, ( ηξ )†  ξ † η† and ( ηξ † )†  ξη† , which simplifies writing
conjugated Lagrangian terms, such as the Dirac mass term in Eq. (2.12):





−m j ξ j η j + η†j ξ †j  −m j ξ j η j + h.c.,
where h.c. denotes Hermitian conjugate.

2.2.3

Feynman Rules for Yukawa Interactions

The theory in Eq. (2.12) is a free-field theory. Fermions can of course interact
with other particles, such as a (real or complex) scalar field φ. In the Weyl
formalism, a general Yukawa interaction will look like [52]
1
LYukawa int  − YI jk φ I ψ j ψ k + h.c.,
2

(2.14)

where YI jk denote general Yukawa couplings and repeated indices are
implicitly summed. The Feynman rules are obtained in the usual way:
multiply the couplings by i. These are shown in Fig. 2.1. Mind the arrows
in these diagrams. Contrary to the Feynman rules for Dirac and Majorana
spinors, the arrows do not depict flow of charge or fermion number. Rather,
they reflect the spinor structure of the interaction: undotted indices flow
into vertices, while dotted indices flow out [51].
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j, α
−iYI jk δ α

I

β

or

−iYI jk δ β α

or

−iYI∗jk δ

k, β
j, α̇
−iYI∗jk δ α̇

I

β̇

β̇

α̇

k, β̇
Figure 2.1 Feynman rules for Yukawa couplings in the Weyl formalism. Here,
YI∗jk are the conjugated Yukawa couplings in the h.c. term in Eq. (2.14). The
correct Feynman rule depends on the way the vertex appears in the diagram.

2.2.4

External Weyl Spinor Wavefunctions

In the four-component formalism, solutions to the Dirac equation with spatial
momentum p and spin s are written in terms of the external wavefunction
spinors: u ( p, s ) for initial state fermions, v ( p, s ) for initial state antifermions,
u ( p, s ) for final state fermions, and v ( p, s ) for final state antifermions.
In the Weyl formalism, we write these four-component wavefunctions as
x α ( p, s )
u ( p, s )  †α̇
y ( p, s )

!

!

and

y α ( p, s )
v ( p, s )  †α̇
,
x ( p, s )

where the components are the external Weyl spinor wavefunctions:
x α ( p, s )

←→

initial state left-handed Weyl spinor,

y α̇† ( p, s )
x †α̇ ( p, s )

←→

initial state right-handed Weyl spinor,

←→

final state left-handed Weyl spinor,

←→

final state right-handed Weyl spinor.

y α ( p, s )

Fig. 2.2 is a mnemonic adapted from Refs. [51] and [52] that assists in
assigning these wavefunctions to a given Feynman diagram. Additionally, it
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1
2, 0


Weyl Spinor

x

x†

Initial State

Final State

y

y†
0,

1
2


Weyl Spinor

Figure 2.2 Mnemonic for allotting external Weyl spinor wavefunctions
to ini
tial and final state left-handed 12 , 0 and right-handed 0, 12 fermions [51; 52].

is shown in Refs. [51] and [52] that these wavefunctions obey the spin-sum
identities:

X
s

X

x α ( p, s ) x †β̇ ( p, s )  p · σα β̇ ,

X

y †α̇ ( p, s ) y β ( p, s )  p · σ α̇β ,

X

X
s

β

x α ( p, s ) y β ( p, s )  mδ α ,

(2.15)

y α ( p, s ) y β̇† ( p, s )  p · σα β̇ ,

(2.16)

y †α̇ ( p, s ) x †β̇ ( p, s )  mδ α̇ β̇ ,

(2.17)

s

s

s

x †α̇ ( p, s ) x β ( p, s )  p · σ α̇β ,

X
s

where m denotes the mass of the fermion in question. These identities are of
peak importance: they are necessary to establish the Feynman rules for Weyl
propagators, and are called upon whenever a matrix element is squared in
the Weyl formalism.

2.2.5

Propagators for Neutral Weyl Fermions

Lastly, we need the Feynman rules for propagators in the Weyl formalism.
Our leptogenesis model is an effective field theory of right-handed neutrinos,
which we model as a right-handed, neutral Weyl spinor field that is Majorana
in nature. Hence, we want the propagators for a single neutral Weyl fermion
field η( x ) of mass m. These can be derived in the usual, path-integral fashion:
Fourier transform (FT) the free-field expectation value of two time-ordered
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p
β̇

α

p 2 − m 2 + i

α̇

ip · σ α̇β
p 2 − m 2 + i

p
β

ip · σα β̇

imδ α̇
β̇

β̇

α̇

p2

α

imδ α
2
p − m 2 + i

−

m2

+ i
β

β

Figure 2.3 Propagator Feynman rules for neutral Weyl fermions with mass m .

Weyl spinor fields (2.11). For example,
FT

h0|Tη α (x )η†β̇ ( y )|0i

−→

Z
d4 k h0|Tη α ( x ) η†β̇ ( y )|0i exp ik · ( x − y ) ,





where T denotes the time-ordering operator. Ref. [51] goes through the
complete evaluation of these integrals for the four possible spinor index
structures. Using the spin-sum identities (2.15 - 2.17), the results are:

h0|Tη α (x )η†β̇ ( y )|0i −→

X
ip · σα β̇
i
†
x
(
p,
s
)
x
(
p,
s
)

,
α
β̇
p 2 − m 2 + i s
p 2 − m 2 + i

h0|Tη†α̇ (x )η β ( y )|0i −→

X
ip · σ α̇β
i
†α̇
β
y
(
p,
s
)
y
(
p,
s
)

,
p 2 − m 2 + i s
p 2 − m 2 + i

FT

FT

h0|Tη

†α̇

(x )η†β̇ ( y )|0i
β

h0|Tη α (x )η ( y )|0i

imδ α̇
X
β̇
i
†α̇
†
−→ 2
y ( p, s ) x β̇ ( p, s )  2
,
2
2
p − m + i s
p − m + i
FT

β
X
imδ α
i
β
.
−→ 2
x α ( p, s ) y ( p, s )  2
p − m 2 + i s
p − m 2 + i
FT

The diagrammatic representations of these propagators are shown in Fig. 2.3.
As we mentioned above, these propagators will be applied to the righthanded neutrinos in our leptogenesis model. These neutrinos themselves
are assumed to be very massive, so much so that the momentum in, for
example, the arrow-clashing diagrams of Fig. 2.3 can be ignored entirely.
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This implies that in the limit as  → 0,
p2

im
i
≈− .
2
m
− m + i

(2.18)

In this sense, the propagator behaves like a vertex factor, so we should
treat it as such. This approximation gets at the notion of an effective field
theory, which we will soon discuss. First, though, we briefly summarize
how, in the Weyl formalism, one goes from a Lagrangian to a spin-averaged
squared-amplitude.

2.2.6

Summary of Weyl Spinor Feynman Rules

The high-level procedure for computing physically useful things such as
cross sections and decay rates is not a function of formalism. Simply draw
all the allowed diagrams for the process in question to the desired order and
compute the amplitudes. The low-level details of this process, however, do
depend on the formalism being used.
In the Weyl formalism, the relevant diagrams for a given process are
all those that depict the process and conform to the spinor arrow structure
addressed above. To calculate the amplitude of a given diagram, one first
chooses an external spinor wavefunction at which to start the calculation.
If the wavefunction is x or y, then assign it a raised, undotted index. If
the wavefunction is x † of y † , then assign it a lowered, dotted index. This
ensures that all spinor indices in the amplitude are contracted according
to the contraction convention α α and α̇ α̇ . Now, with a choice of external
wavefunction in hand, follow its fermion line through the diagram, writing
down the appropriate vertex and propagator factors as you go, and end at a
separate external wavefunction.
The choice of propagator (i.e., whether σ or σ is used, see Fig. 2.3)
depends on the index structure of the initial wavefunction. Use the one that
respects the index structure. For loops, one must choose a direction around
which to integrate the loops. Again, the propagator must be chosen such
that it respects the spinor index structure. By the end, there should be no
uncontracted spinor indices, nor should there be any explicit  symbols. If
there are, then a mistake was made.
At the end of the day, a general matrix element M for a process with
two final state leptons will take the form M ∝ z 1 Σz 2 , where z 1 and z 2 are
external spinor wavefunctions and Σ is an alternating product of σ and σ
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matrices. The complex conjugate follows from Eq. (2.13), M ∗ ∝ z 2† Σ← z 1† .
Hence, the square of the matrix element will look something like




|M |2 ∝ z1 (p1 , s1 )Σz2 (p2 , s2 ) z2† (p2 , s2 )Σ← z1† (p1 , s1 ) ,
where p and s are the momentum and spin of their respective wavefunctions.
At this point, symmetry factors for identical particles can be calculated in
the usual way, and the spin-sum identities (2.15 - 2.17) can be applied.
In our calculations, the Σ matrix products will at most be a product of
four matrices (either σσσσ or σσσσ). The following identity is therefore
used extensively in simplifying the spin-sums
Tr σ µ σ ν σ α σ β  2 g µν g αβ − g µα g νβ + g µβ g να + i µναβ ,

f

g



(2.19)

where  µναβ is the Levi-Civita pseudo-tensor defined such that  0123  1.
This follows, albeit tediously, from the definition of the σ and σ matrices after
Eq. (2.8). Note, the cyclic property
of the trace operator and the antisymmetry

of  µναβ imply Tr σ µ σ ν σ α σ β is the same as Eq. (2.19), except with a minus
sign in front of  µναβ . See Refs. [51] and [52] for more on these rules.

2.3

Effective Field Theory

Every sensible model of the real world has its limitations. Models in physics
are no different. To quote Anthony Zee on the matter, “Ignorance is no
shame” [48]: all physical theories should come pre-equipped with a domain
of validity beyond which the theory breaks down, and we become ignorant
to what is actually going on. Such a “threshold of ignorance” is generically
denoted by Λ, which represents the energy scale beyond which a given
theory breaks down. Equivalently, we could speak of a very small length
scale, Λ−1 , beneath which the theory no longer works, and which engenders
a sort of coarse-grained approach in which the details at scales smaller than
Λ−1 are deliberately ignored. In either case, to humbly accept that a finite
ultraviolet (UV) scale Λ exists, and to never dare to try and extrapolate
beyond it, is the starting point for any effective field theory (EFT).

2.3.1

Regularization and Renormalization

This idea is first introduced in the context of regularization. In regularizing
loop amplitudes, it is customary to integrate the loop momenta only up to
an unspecified yet finite UV cutoff Λ. In this way, loop-based logarithmic
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divergences are tamed at the expense of including explicit UV cutoffs in the
formulae [or something similar, like in the modified minimum subtraction
(MS) scheme, which replaces the explicit presence of Λ with a gamma
function that typically diverges as the spacetime dimension d → 4] [48].
To illustrate this idea, consider φ 4 theory of a real scalar field φ,
L

1 µ
1
λ
∂ φ∂µ φ − m 2 φ 2 − φ 4 .
2
2
4!

In calculating, say, the amplitude for two-particle scattering, one needs to
sum all connected, one-particle-irreducible (1PI) Feynman diagrams with
four external legs. The result, to second order in the interaction strength, is
derived in most QFT books (see, e.g., Ref. [53]),
iM  −iλ + iaλ2 6 log Λ − log s − log t − log u ,



(2.20)

where a is a constant and s, t, and u are Mandelstam variables. As predicted,
the cutoff Λ explicitly appears in the amplitude, so there is no immediate
hope in making the theory UV complete (i.e., taking Λ → ∞).
Enter renormalization. For φ 4 theory, we are able to add a counterterm
to the Lagrangian to suppress the logarithmic divergence in Eq. (2.20) as
Λ → ∞. In particular, adding to the Lagrangian an additional φ4 coupling
strength C (2) ≡ −6a 2 λ2 log Λ, which gives
L → L0 

1
λ
C (2) 4
1 µ
∂ φ∂µ φ − m 2 φ2 − φ4 +
φ ,
2
2
4!
4!

removes the UV cutoff from Eq. (2.20) entirely [53],
iM → iM 0  −iλ − iaλ2 log s + log t + log u .



Now there is no problem in sending Λ → ∞, and the theory is renormalized.
But, it is only renormalized to second order, because the counterterm
C (2) only tames the divergence that stems from the second order loops in
perturbation theory. In order to truly UV complete the theory, we need to
tame the divergences at all orders. Ostensibly, this implies that an infinite
number of counterterms are needed in the Lagrangian — one for each order
in perturbation theory. However, this is not always true. For instance,
in φ 4 theory, and in fact quantum electrodynamics (QED), only a finite
number of counterterms are needed to suppress all the divergences. These
are renormalizable theories.
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When is a theory renormalizable? Often, when the coupling constants
in the theory have nonnegative mass dimension. Very roughly, this follows
from the superficial degree of divergence of a general loop integral, which is
defined as
D ≡ power of k in numerator − power of k in denominator .





One naturally expects that, when integrating up to the cutoff Λ, the loop
contributes something proportional to ΛD . In this scheme, the loop diverges
when D > 0, logarithmically diverges when D  0, and does not diverge
when D < 0. It follows that theories for which D < 0 for all but finitely many
diagrams are renormalizable [50].
Consider now a scalar field theory with a φ n interaction term:
L

1
λ
1 µ
∂ φ∂µ φ − m 2 φ 2 − φ n .
2
2
n!

Imagine an interaction whose (connected) Feynman diagram has N ≤ n
external lines, V vertex factors, and P propagators. Since the diagram
is connected, the number of loops L is predetermined by the underlying
topology of the page because, graph theoretically, Feynman diagrams are just
connected graphs embedded on R2 . Hence, by the Euler-Poincaré formula,
there are L  1 + P − V loops. Furthermore, since each vertex has n lines
emerging from it, nV  N + 2P. This implies that the superficial degree of
divergence for a general Feynman diagram in φ n theory is
D  4L − 2P  4 + (2n − 4) V − 2N.

R

Now, the action for φ n theory is simply S  d4 xL. Of course, this is a
dimensionless quantity, so the mass dimension of λ is [ λ]  2n − 4. Thus,
D  4 + [ λ]V − 2N.

(2.21)

Since N ≥ 2, Eq. (2.21) suggests that a general Feynman diagram in φ n
theory is renormalizable if and only if [ λ] ≥ 0, i.e., when the mass dimension
of the coupling constant is nonnegative, as claimed above.6 Crucially, this
analysis can be carried out for more complicated field theories, all with
the same result: theories with couplings of negative mass dimension have
non-renormalizable diagrams [50]. Evidently, such theories cannot be made
UV complete in all orders of perturbation theory.
6There are, of course, exceptions. See Ref. [50].
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2.3.2

Non-Renormalizable Theories

What are we to do, then, with non-renormalizable theories? The simple
answer is to accept the scale Λ as a hard UV cutoff beyond which the
theory is invalidated. However, when using this approach to calculate loop
diagrams, the higher dimensional operators that emerge from the EFT will,
in general, come out unsuppressed [54]. The solution here is to instead
impose a mass independent cutoff. This means using, for example, the MS
regularization scheme in evaluating loop integrals, which is, in fact, the
regularization scheme we adopt for our EFT in Chapter 3. With a mass
independent regulator, both tree- and loop-level contributions from the
EFT’s higher dimensional, non-renormalizable operators are suppressed by
appropriate powers of Λ−1 , which means we can with impunity truncate the
EFT Lagrangian to the desired order [55].
In the context of the path integral, imposing a hard UV cutoff Λ means
the fields over which we integrate (written generically here as ψ) can be
decomposed into two sets: those for which | p | < Λ, denoted ψ < , and those
for which | p | > Λ, denoted ψ > . Hence, the path integral assumes the form

Z
Z( J ) ≡

Dψ < Dψ > exp ( iS)

Y

Ji ,

i

where the Ji determine the insertions that generate the amplitude of interest.
At this point, we acknowledge that we are exclusively interested in the
low energy dynamics of the theory — namely, the physics going on for
| p | < Λ. The approximation we make, therefore, is to assume that the low
energy field configurations ψ < are fixed while integrating over the high
energy configurations ψ > [26]. In this way, we integrate out the high energy
configurations, leaving a path integral that only depends on the low energy
configurations:

Z
Zeffective ( J ) 

Dψ < exp ( iSeffective )

Y

Ji ,

i

where

Z
exp iSeffective [ ψ < ] 



Dψ > exp( iS).

(2.22)

In general, then, one can read off the effective Lagrangian, LEFT , from
the effective action. The EFT Lagrangian will, of course, retain the same
operators as the pre-EFT Lagrangian by virtue of Eq. (2.22). However, in
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general, the couplings in the EFT Lagrangian will change to a function of Λ,
and new, higher dimensional and non-renormalizable operators will emerge
[26; 55].
We saw a hint of this already when calculating the propagators in the
Weyl formalism. There, we briefly mentioned that the masses m of the righthanded neutrinos in our leptogenesis model are assumed to be considerably
larger than the other parameters in the theory. Indeed, in making the
approximation Eq. (2.18) — namely, that the momenta are negligible relative
to the scale of right-handed neutrino masses — we obtain an effective operator
with a negative mass dimension, so the theory is non-renormalizable. The
solution, then, is to accept m as a UV cutoff with which we can formulate an
EFT. Based on the discussion here, doing so will generate higher dimensional
operators. In our model, the lowest order operator among this set of higher
dimensional effective operators will generate both a lepton asymmetry and
explain the small SM neutrino masses that are known to exist today. We
discuss this process in detail in the next section.

2.4

The Origin of Standard Model Masses

According to standard theory, all SM particles in the very early Universe
(t ∼ 10−36 seconds) were massless. Today, a majority of SM particles are not
massless. The obvious question is: how did the SM particles acquire their
masses? The most successful theories that answer this rely heavily on the
spontaneous breaking of symmetries. By way of a series of examples, we
build up to two of the major breakthroughs in the theory of mass acquisition
in the Standard Model: the Higgs mechanism and the Glashow-WeinbergSalam electroweak model.

2.4.1

Discrete Symmetries

First, consider φ4 theory of a real scalar field φ,
L

1 µ
1
λ
∂ φ∂µ φ − m 2 φ 2 − φ 4 .
2
2
4!

Whereas this theory is manifestly invariant under the (discrete) cyclic group
of order two, Z2 : φ ( x ) 7→ −φ( x ), the states internal to the theory need not be.
To illustrate, suppose in the potential in L that the parameter m 2 is
replaced by the negative mass parameter m 2 → −µ2 , which is the case for
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tachyonic fields [56]. Then the potential becomes
1 2 2 λ 4
µ φ − φ ,
2
4!
which is minimized when φ is the spacetime-independent field
V (φ) 

r

6 | µ2 |
.
λ
Notice, there are two vacua of the system, related by a Z2 transformation.
The energy required to tunnel between them is infinite, for
φ

φ0±

≡±

Z


V (0) −

V ( φ0± )


M

d4 x → ∞ as “|M | → ∞.00

Hence, the ground state wavefunction must commit to one, and only one,
of the two vacua, around which our perturbation theory will be built. This
simply requires redefining φ( x ) → φ ( x ) − φ0± (depending on which vacuum
is chosen) in order that the vacuum expectation value (VEV) of the redefined
field equals zero.
Importantly, the physics is unchanged by the system’s choice of vacuum
(because it amounts to a field redefinition and field redefinitions do not
change the physics [48]). However, by making a choice, the Z2 symmetry is
spontaneously broken, and φ acquires a nonzero VEV.
All of these conclusions transfer over to the quantum case, since (for
non-anomolous fields7 at least) the quantum effective action inherits the
linear symmetries of the classical theory [26].

2.4.2

Continuous Symmetries

The case of a continuous symmetry is similar, but more interesting. Consider
the linear sigma model of N > 1 real scalar fields with a similarly augmented
mass parameter m 2 → −µ2 :
1 µ i
1
λ i i 2
∂ φ ∂µ φ i + µ 2 φ i φ i −
φφ ,
(2.23)
2
2
4
where i ∈ {1, . . . , N } and, as always, a repeated index is implicitly summed.
This theory is invariant under the continuous and nonabelian N-dimensional
orthogonal group O( N ),
L

O( N ) : φ i 7→ R i j φ j ,
7That is, fields whose integration measures and classical actions do not respect the
symmetry under consideration. See, e.g., Ref. [48].
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where R is an N × N orthogonal matrix.
The lowest-energy configuration is the spacetime-independent field φ0i
whose Euclidean norm satisfies

q
v≡

r
2
φ0i



| µ2 |
λ

.

This condition only constrains the magnitude of the vector φ0i , it says
nothing about its direction. Thus, contrary to the discrete case in which
there were only two possible vacua, here there is a continuum of possible
vacua characterized by the direction of φ i in the vacuum, all of which are
related by a global O( N ) transformation. Of course, these vacua are all
physically equivalent (they differ by how we later redefine the field, and this
never changes the physics), yet the system must settle into one. Once it has,
we can always reorient our coordinate system so that the acquired VEV is
exclusively projected onto the Nth dimension [50]:
φ0i  (0, 0, . . . , 0, v ).
At this point, it is convenient to reparametrize the field according to





φ i ( x ) → χ k ( x ) , v + η( x ) ,

k ∈ {1, . . . , N − 1} ,

where χ and η are real scalar fields with zero VEVs. After substituting back
into the original theory (2.23), which gives
L


1 µ k
1
1
∂ χ ∂µ χ k + ∂ µ η∂µ η − 2| µ2 | η2 + interactions,
2
2
2

we find that the theory now depicts a massive η field and a set of N − 1
massless χ fields. Thus, the original global O( N ) symmetry is spontaneously
broken, leaving only an unbroken O( N − 1) symmetry among the massless
χ fields.
Incidentally, that the χ fields come out massless is no accident. It is required by Goldstone’s theorem [57], which says that for every spontaneously
broken symmetry, there is a corresponding massless field in the theory.
These massless particles that are birthed from spontaneous symmetry breaking are called Nambu-Goldstone bosons. We shall see in the next section that
in a gauge theory the Nambu-Goldstone bosons can be completely removed
by a judicious choice of gauge. This leads to the profound theory known as
the Higgs mechanism: the Nambu-Goldstone bosons, now “consumed” by
the gauge field, “nourish” the gauge field and make it massive.
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2.4.3

The Higgs Mechanism

More technically, the Higgs mechanism is the process by which a gauge field
acquires its mass via the spontaneous breaking of a gauge symmetry. We
illustrate this by continuing the chain of examples.
Consider the theory of scalar electrodynamics,

†
1
L  − D µ ϕ Dµ ϕ − V ( ϕ) − F µν Fµν ,
4
where ϕ is a complex scalar field, Dµ ≡ ∂µ − i gA µ is the gauge covariant
derivative with gauge coupling g, and V is a complex scalar potential with
an augmented mass parameter m 2 → −µ2 ,
V ( ϕ )  −µ2 ϕ† ϕ +

λ † 2
ϕ ϕ .
4

(2.24)

This theory is invariant under the local U(1) gauge transformations,
A µ ( x ) 7→ A µ ( x ) − ∂µ ξ ( x )

ϕ( x ) 7→ exp i gξ ( x ) ϕ( x ) ,



and



where ξ is a real scalar field. As before, the scalar potential V ( ϕ) is minimized
by a spacetime-independent field ϕ0 , except this time it satisfies
v
ϕ0  √ exp( iθ) ,
2
where v ≡ 2 | µ2 |/λ and θ is some phase. That θ is arbitrary implies
there is again a continuum of possible vacua, now related by global U(1)
transformations. Of course, once ϕ acquires a particular nonzero VEV ϕ0
(and hence fixes the value of θ), the U(1) symmetry is spontaneously broken.
At this point, it is convenient to reparametrize ϕ according to

p

v + η( x )
iχ ( x )
ϕ(x ) →
exp −
,
√
v
2

"

#

(2.25)

where η and χ are real scalar fields with zero VEVs. Substituting Eq. (2.25)
into the scalar potential (2.24) gives
V ( η, χ) 

λ 2 2 λ 3 λ 4
v η + vη + η .
4
4
16

We see χ is nowhere to be found in the potential — it is the massless NambuGoldstone boson that emerges upon breaking the U(1) symmetry. The story
so far is very similar to before.
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However, what sets this model apart is our freedom to shift the fields by
gauge transformations, an astute choice of which may well “turn off” the χ
field altogether. Indeed, the unitary gauge,
A µ ( x ) 7→ A µ ( x ) −

1
∂µ χ ( x ) ,
gv

accomplishes just this, and entirely dispels the Nambu-Goldstone boson
from the theory:
1
1
1
L  − ∂ µ η∂µ η − g 2 ( v + η)2 A µ A µ − V ( η) − F µν Fµν .
2
2
4
Expanding the second term, we find that the gauge field has acquired a mass
equal to gv. This is the Higgs mechanism [10–13]: the Nambu-Goldstone
boson disappears (it is “eaten” by the gauge field), and the gauge field
acquires a mass (because “consumption increases weight”). As we describe
in the next section, a similarly-spirited mechanism gives rise to the mass of
the leptons we know and love.
Before that, however, a piece of nomenclature: any scalar field whose
VEV breaks a gauge symmetry is known as a Higgs field. In the context
of scalar electrodynamics, ϕ is the Higgs field since it acquired a nonzero
VEV, broke the U(1) gauge symmetry, and gave the gauge field mass. Of
course, in this context, the mechanism is quite artificial: photons are massless
bosons, so designing a mechanism for giving them mass is a counterfactual
and, at first glance, counterproductive pursuit. However, the idea readily
generalizes to SM particles that do have mass, such as electrons, and affords
a beautiful explanation for the origin of their masses. This and more ahead.

2.4.4

The Origin of Leptonic Mass

In the Standard Model, the Higgs fields, which we denote by H, is an SU(2)L
doublet
!
H + (x )
H (x ) 
H 0 (x )
that (prior to any symmetry breaking) transforms under the electroweak
gauge group SU(2)L × U(1)Y . Here, SU(2)L is SU(2) but only acts on fields
with left-handed chirality and Y denotes weak hypercharge.
The Higgs field itself is governed by the Higgs sector Lagrangian LHiggs
within the Standard Model. It is given by

2
1
λ
LHiggs  − (D µ H )† Dµ H + m 2 H † H −
H†H ,
2
4
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where m and λ are real-valued parameters, and Dµ is the gauge covariant
derivative that ensures H respects local SU(2)L ×U(1)Y gauge transformations
(see, e.g., Ref. [50] for details). Following the same procedure from before,
the Higgs potential is minimized by the spacetime-independent field H0
that satisfies
m2
.
(2.26)
H0† H0  v 2 ≡
λ
With a global gauge symmetry, we can bring this VEV entirely into the
second component and also make it real so that H0>  ( v, 0) [26]. Notice,
whereas the SU(2)L × U(1)Y symmetry is spontaneously broken, there is still
a U(1) symmetry present, which can be identified with electromagnetism
[48]. This is no accident. It is based on the more general result that the
spontaneous breaking of a nonabelian gauge symmetry makes the vacuum
invariant under a subgroup of the original group [53].
It is now convenient to reparametrize the Higgs field according to
!
√
1
2v + h ( x ) + iG1 ( x )
H (x ) → √
,
G2 ( x ) + iG3 ( x )
2
where h, G1 , G2 , and G3 are real scalar fields with zero VEVs. However, like
in § 2.4.3 where unitary gauge “turned off” the Nambu-Goldstone fields, so
too here, where unitary gauge sets G1  G2  G3  0 [26]. Consequently, we
need only introduce one new field, h ( x ), which implies
H (x ) → *

v+

h (x )
√
2 +.

(2.27)

0

,

-

Substituting back into the Higgs potential in LHiggs gives
V (h ) 

λ 2 2 λ 3 λ 4
v h + vh + h .
4
4
16

√
This is the theory of a real scalar field h with mass m h  v λ/2. In fact, the
corresponding particle is the famous Higgs boson, which was first detected
at the Large Hadron Collider (LHC) in 2012, and observed to have a mass
m h ≈ 125 GeV [9].
With the Higgs field in hand, we are now able to understand the origin of
leptonic mass using the Glashow-Weinberg-Salam electroweak model [2–4]. This
remarkable story, relying heavily upon the spontaneous symmetry breaking
of the Higgs, goes as follows.
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Once upon a time, at t . 10−12 seconds, the lepton fields enjoyed an
internal SU(2)L × U(1)Y symmetry and were described by the electroweak
Lagrangian LEW in which there was the following interaction between the
Higgs, lepton, and neutrino fields:
LEW ⊃ −Yαβ (L α · H ) l β + h.c.

(2.28)

Here, l α and l α are left-handed Weyl fields of lepton flavor α,8 L >
α  (να , l α )
is an SU(2)L α-flavored doublet of a neutrino να and the l α lepton, Yαβ are the
complex-valued Yukawa couplings between the Higgs and fermion fields,
and · denotes a contraction over SU(2) indices,
L α · H ≡  ab (L α )a Hb .
We shall employ this notation whenever convenient. Context will distinguish
this scalar product from that of the Minkowski scalar product.
Now, fast-forward a couple thousand femtoseconds to t ∼ 10−12 seconds.
The Universe cools below 1016 K, the Higgs acquires the nonzero VEV
(2.26), and the electroweak SU(2)L × U(1)Y gauge group is spontaneously
broken down to the electromagnetic U(1)EM gauge group. Substituting the
reparametrized Higgs field (2.27) into Eq. (2.28) generates the interaction:
1
LEW ⊃ −Yαβ vl α l β − √ Yαβ hl α l β + h.c.
2

(2.29)

Hence, post electroweak symmetry breaking, the leptons pick up a mass,
while the neutrinos do not. We see that the VEV of the Higgs “misses”
the neutrinos when we substitute the excited Higgs field (2.27) into the
electroweak Lagrangian. In a superficial sense, this is why the neutrinos
come out massless.

2.5

The Origin of Neutrino Masses

However, as we discuss in detail below, there is now good evidence that
neutrinos are massive. That the Standard Model predicts them to be massless
implies the Model must be extended in order to account for neutrino mass.
Ultimately, this means we need a mechanism that gives neutrinos mass, and
what better one than the same mechanism from before! More specifically,
8Note, the bar over l α in l α is just notation. It does not denote any sort of conjugation.
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what if we are able to make the Higgs a better “shot” in Eq. (2.28), so that
when we substitute the excited Higgs field (2.27) into LEW , the VEV also hits
the neutrinos? That would generate neutrino masses in the same way the
Higgs generates lepton masses.
This idea is affectionately known as the type-I see-saw mechanism. Along
with it being among the simpler mechanisms that give neutrinos mass, it
also spawns, in its effective field theory approximation, the effective operator
that underlies our model of leptogenesis. Of course, before all this, however,
we must motivate the need for a neutrino mass mechanism in the first place:
how do we know that neutrinos have mass?

2.5.1

Neutrino Oscillations

Within the Standard Model, neutrinos interact in three different flavor eigenstates: the electron (e), mu (µ), and tau (τ) neutrinos, denoted respectively
by νe , νµ , and ντ (see Fig. 1.1). Prior to 1998, theorists pondered the existence
of massive neutrinos for a variety of reasons: the solar neutrino problem [58],
the unphysically-large energy density in neutron stars and white dwarfs
induced by virtual νν pairs [59], and certainly (though more subjectively) the
anesthetic asymmetry with which the lack of right-handed neutrinos stained
the Model. However, the breakthrough indication of nonzero neutrino
masses came in 1998, when observations of atmospheric neutrinos by the
Super-Kamioka Neutrino Detection Experiment gave statistically significant
evidence for neutrino oscillations [21].
Neutrino oscillations are the process by which a neutrino born in a
definite flavor eigenstate “oscillates” in to and out of a superposition of the
three flavor eigenstates as it propagates through spacetime. The most natural
explanation of this phenomenon is that the neutrino mass eigenstates of the
free-Hamiltonian each have a different mass. Of course, this implies that
neutrinos are massive.
The details of this process are as follows. In general, a neutrino born as
the definite flavor eigenstate να , where α ∈ { e , µ, τ } is a flavor index, can be
written as a superposition of the mass eigenstates νa , where a ∈ {1, 2, 3} is a
mass index, of the free-Hamiltonian:

| να i 

X

U αa | νa i.

a

Here, U αa is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix that
describes how neutrino flavor and mass eigenstates mix [60–62].
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After propagating through spacetime a distance x µ  ( t, x i ) with moµ
mentum p a  (E a , p ai ), the mass eigenstate νa will accrue a phase

s
µ

Φ( m a ) ≡ p a x µ  E a t − p ai x i  p a

1+

m 2a
p 2a

t − p ai x i .

(2.30)

Hence, if m a  0 for all mass indices a, then the phase is the same for
each mass eigenstate: Φ ≡ Φ( m 1 )  Φ( m 2 )  Φ( m3 ). In this case, after
propagating the spacetime distance x µ ,

| να i → exp(−iΦ)| να i,
so the flavor α is unchanged. However, if the neutrino mass eigenstates
have small masses, then Eq. (2.30) implies Φ( m a ) ∝ m 2a . Consequently,
assuming that the masses of the neutrino mass eigenstates are pairwise
distinct, Φ( m 1 ) , Φ( m2 ) , Φ( m 3 ). It follows that the amplitude for να to
transition to νβ is in general nonzero for all flavor indices β:

hνβ | να i 

X

U†


aβ

U αa exp [−iΦ( m a )] , 0.

a

Hence, contrary to before, να can transition back and forth (i.e. oscillate)
between different flavor eigenstates while propagating the distance x µ .
Surprisingly, this simple model can explain all existing neutrino oscillation
data [63].9 Since no simpler model has ever seriously challenged this one,
Occam’s razor forces our hand, and we conclude that neutrinos have mass.
Indeed, the data imply that the mass of the heaviest neutrino is in between
0.04 and 0.5 eV [26] — a very tiny, but decidedly nonzero mass.
In the spirit of § 2.4, the natural question becomes: how do neutrinos
acquire their masses?

2.5.2

Neutrino Mass Types

This question has not been conclusively answered, and it definitely will not
be here! However, there are encouraging approaches out there, and we shall
ultimately employ herein that which is most relevant to our research. Before
choosing, however, we lay the relevant options on the table.
Observations suggest that neutrinos are electrically neutral (see, e.g.,
Ref. [65]). This means their CP conjugate, antineutrinos, are also electrically
9Barring the Liquid Scintillator Neutrino Detector (LSND) anomaly [64].
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neutral, which implies that neutrinos can have either a Dirac or Majorana
mass type (both conserve a neutral charge). In either case, the SM Lagrangian
is supplemented with a new left-handed Weyl field NI , where I ∈ {1, 2, 3}
is a generation index, that transforms as a singlet under the full SM gauge
group, SU(3)C × SU(2)L × U(1)Y , where C denotes the color charge associated
with the strong nuclear force. In other words, the NI field does not participate
in the strong, weak, and electromagnetic interactions — it is sterile and only
plays via gravity. We identify NI as the right-handed neutrino. In the approach
outlined below, this is the field that allows the SM neutrinos to acquire their
mass after electroweak symmetry breaking.
Dirac Mass Type
In this scenario, we seek a theory that generates a Dirac mass potential [see
Eq. (2.10)] for the SM neutrinos, such as
− DαI να NI + h.c.,

(2.31)

where DαI is a Dirac mass matrix, following electroweak symmetry breaking.
Such a mass term manifestly conserves lepton number because it is invariant
under the global U(1) lepton symmetry.
Given the explicit presence of right-handed neutrinos in the extended
Standard Model (ESM) mass term (2.31), we are naturally guided from § 2.4.4
to postulate a Yukawa-like term that couples left- and right-handed neutrinos
with the SM Higgs doublet H, for instance





H · L α NI + h.c.
LESM ⊃ −FαI H
Ha ≡  ab Hb [where a and b are SU(2) indices] and L>α  (να , l α ) is an
Here, H
SU(2)L neutrino-lepton doublet. It is instructive to compare this interaction
with that in Eq. (2.28). Like how Eq. (2.28) generates the lepton masses
in Eq. (2.29) following electroweak symmetry breaking, our setup here
generates a Dirac mass matrix for the SM neutrinos. The reason is because
the  ab symbol swaps the position of the Higg’s VEV in Eq. (2.28) such that
it hits the neutrino field instead. Now, post electroweak symmetry breaking,
we are left with
1
LESM ⊃ −FαI vνα NI − √ FαI hνα NI + h.c.
2

(2.32)

in which we identify DαI  FαI v as the desired neutrino Dirac mass in (2.31).
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As appealing as this mechanism may seem, it is an unnatural for at
least two reasons (see Ref. [66] for more). One, in order to not contradict
neutrino oscillation experiments, it would require abnormally small Yukawa
couplings (| FαI | ∼ 10−12 ) between the Higgs and neutrino fields, which
aggravates the Standard Model flavor puzzle that we briefly mentioned in
§ 1.2 [67]. Two, there is no symmetry forbidding a Majorana mass potential
for the neutrino fields, so a purely Dirac potential is not the most general
Lagrangian that is compatible with this idea [66].
Majorana Mass Type
The above shortcomings motivate us to consider a Majorana mass type
instead. We therefore want a theory that will engender a Majorana mass
potential [see Eq. (2.11)] for the SM neutrinos,
1 ν
− M αβ
να νβ + h.c.,
2

(2.33)

ν
where M αβ
is Majorana mass matrix for the SM να fields. Notice that a
Majorana mass term such as Eq. (2.33) invariably destroys the global U(1)
lepton symmetry by two units. Hence, Majorana mass terms generate a
lepton asymmetry. This is, of course, promising for a theory of leptogenesis,
where the goal is to generate an appreciable lepton-antilepton imbalance.
How do we generate Majorana mass terms? There are, in fact, a variety of
mechanisms that do this, the simplest one being the type-I see-saw mechanism.

2.5.3

The Type-I See-Saw Mechanism

In this mechanism, the Standard Model is extended by including large
Majorana masses on the NI fields. As we shall see, this generates small
masses for the left-handed neutrino fields (hence “see-saw”). We begin with
the same model as above, but with Majorana mass terms for the NI fields:



H · L α NI − 1 MI J NI N J + h.c.
LESM ⊃ −FαI H
2

(2.34)

Here, MI J is a real symmetric matrix containing the Majorana masses of the
NI fields, which are a priori unrelated to any other SM mass scale. As MI J
is real and symmetric, it is diagonalizable, so we can always write MI J as a
diagonal matrix MI , where MI J  MI δ I J .
In this scenario, following electroweak symmetry breaking, the same
Dirac mass matrix in Eq. (2.32) — namely, DαI  FαI v — is generated for
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the two neutrino fields να and NI . Superficially, nothing has changed from
before. However, the key difference is the appearance of the Majorana
masses on the NI fields, which do not change during electroweak symmetry
breaking because the NI fields are sterile. Thus, we are left with
1
LESM ⊃ −DαI να NI − MI NI NI + h.c.
2

(2.35)

Some slight-of-hand organizes this into the more insightful matrix form
LESM

1
⊃ − να
2

NI

 0αβ (D > )Iβ
DαI

νβ
+ h.c.,
NI

!

!

MI

(2.36)

where 0 is the 3 × 3 zero matrix. The 6 × 6 matrix in the middle,
M(I,α)( J,β) ≡

0αβ (D > )Iβ
DαI

!

MI

,

encodes all the information about the masses of both the left- and righthanded neutrinos. Since the right-handed neutrino masses MI are a priori
unconstrained, we can suppose they are quite large, which will necessarily
impact the Dirac masses DαI , since the two types of masses are coupled
together in the same, larger mass matrix M.
Specifically, let us suppose that | MI |  | DαI |. For clarity, we remove
the indices on the various mass matrices and instead use a bold font, e.g.,
M ≡ MI and D ≡ DαI . Since M is a square, complex, and symmetric matrix,
we can Takagi factorize it. The following matrix does the trick [51]:
U≡

I − 21 D ∗ M −2 D >
−M −1 D >

!

D ∗ M −1
,
1
I − 2 M −1 D > D ∗ M −1

where I is the 3 × 3 identity matrix. To O | MI |−1 , we find that



U MU 
>

−DM −1 D >

0

0
M+

1
2

M −1 D † D + D > D ∗ M

!

.
−1

Comparing to Eq. (2.36), we identify
the upper-left block as a Majorana

ν
−1
>
mass matrix M αβ ≡ −DαI M I (D )Iβ for the light, left-handed neutrino
fields να , and similarly identify
 the lower-right block as a Majorana mass
N
−1
matrix MI ≡ MI + O | MI |
for the heavy, right-handed neutrino fields NI .
Therefore, post electroweak symmetry breaking, we can write Eq. (2.35) as
1 ν
1
LESM ⊃ − M αβ
να νβ − MIN NI NI + h.c.,
2
2
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which contains the neutrino Majorana potential that we desired in Eq. (2.33).
This model is encouraging, since we do not require unusually small
Yukawa couplings to make the left-handed neutrinos have small masses [51].
Rather, the small να masses derive from the considerably larger masses of
the NI fields.
There are, in fact, two other see-saw mechanisms that can explain the
small neutrino masses in terms of heavy right-handed neutrinos. See Ref. [66].
However, type-I is arguably the simplest [67].

2.5.4

The Weinberg Operator

There is actually a separate way to consider the right-handed neutrino mass
limit | MI |  | DαI | in the model (2.35). In the same way physics at a 1 GeV
scale should not be influenced by physics at, say, a 17 GeV scale, so should
the physics of the light neutrinos not be influenced by the higher energy
dynamics of the heavy neutrinos. In other words, we can integrate out the
high energy degrees of freedom associated with the right-handed neutrino
field NI in order to study the low energy dynamics of the light, left-handed
neutrinos να . Indeed, this is precisely the course of action one takes when
constructing an EFT, and that is what we shall do here.
To integrate out the right-handed neutrino fields NI ultimately amounts
to applying the equations of motion to the NI field in such a way that the
kinetic terms are deliberately disregarded [55]. This is valid in our case
because we are assuming the right-handed neutrino masses are considerably
larger than the energy scale at which we are probing the fields. Using this
approximation on the Lagrangian terms in Eq. (2.34), the Euler-Lagrange
equations give



∂LESM
H · L α − MI NI  0.
 0 ⇒ −FαI H
∂NI
Solving for NI and substituting back into the Lagrangian produces the
effective operator10
O0 ≡



1 X FαI FβI  H
H · Lβ
H · Lα H
2
MI

(2.37)

I

10Here, we have made the sum over I explicit because the I index structure in the operator
does not conform to the usual rules of the Einstein summation convention. We will do this
frequently for the effective operators in the next chapter as well.
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Figure 2.4 Integrating out the right-handed neutrinos in the type-I see-saw
mechanism to generate the effective five-dimensional Weinberg operator O0 .

and the Lagrangian (2.34) becomes
LESM ⊃ O0 + O0† .
The operator O0 is a non-renormalizable, dimension five operator known as
the Weinberg operator [68]. It, along with the process of integrating out the
right-handed neutrinos, is illustrated in Fig. 2.4.
Expanding out the Weinberg operator in terms of its constituent fields,
we find
!2

1 ν
h
O0  − M αβ να νβ + h.c. 1 + √
,
2
2v
where the Majorana mass matrix is identified as
ν
M αβ
−

X v 2 FαI FβI
I

2MI

.

Thus, we see that the Weinberg operator also gives rise to Majorana masses
on the left-handed neutrinos following electroweak symmetry breaking.
This implies the Weinberg operator violates lepton number by two units.
Importantly, the Weinberg operator is the unique five-dimensional extension
to the Standard Model that does this [48; 68].
Since the Weinberg operator is a higher dimensional, non-renormalizable
operator, we expect it to be an operator that emerges from an EFT of some
renormalizable theory. This follows from our discussion of EFTs in § 2.3.
The question we begin with in the next chapter is: what is the simplest, UV
complete theory that manifests the Weinberg operator in its low energy limit?
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Seeing that the Weinberg operator gives rise to a lepton asymmetry, this
more complete theory, whatever it is, will too generate an asymmetry within
the appropriate energy regime. This forms the basis of our leptogenesis
model in the next chapter.

Chapter 3

Leptogenesis with a UV
Complete Weinberg Operator
In this chapter, we present the original contributions of this thesis. First,
we discuss our model of leptogenesis in the context of UV completing the
Weinberg operator, and give its associated EFT in the limit where the righthanded neutrinos are considerably larger than any other mass scale in the
theory. Then, we present our results on the calculations of the dominant CPviolating Feynman diagrams, and discuss the subtleties of those calculations.
We close with comments on the outstanding calculations that are needed to
determine the degree of CP violation within our theory.

3.1

Our Model and its Effective Field Theory

As we mentioned in the previous chapter, the Weinberg operator O0 is
the unique five-dimensional operator in the extended Standard Model
that generates Majorana neutrino masses following electroweak symmetry
breaking. Hence, in terms of an operator expansion of the extended SM,
the Weinberg operator is the leading order correction that produces massive
neutrinos. We also saw that the Weinberg operator violates lepton number
by two units, which makes it a viable leptogenesis mechanism.

3.1.1

UV Completing the Weinberg Operator

In order to UV complete the Weinberg operator, we introduce a real scalar
field φ beyond the Standard Model that couples to two right-handed neu-
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trinos. As φ carries no Lorentz indices, it manifestly transforms in the
(0, 0) “scalar” representation of the Lorentz group. We obtain our model by
appending this interaction to the type-I see-saw mechanism (2.34):



1
H · L α NI − 1 MI NI NI + h.c.
LESM ⊃ − YI φNI NI − FαI H
2
2

(3.1)

Here, we take the φNI NI coupling YI to be real. The complex Yukawa
couplings FαI and the Majorana masses MI are the same as in the type-I
see-saw mechanism (2.34) before electroweak symmetry breaking.
That our theory incorporates the Weinberg operator immediately follows
from the decay channel



H · Lα
φ → NI NI → H





H · Lβ .
H

(3.2)

Consequently, seeing that our theory (3.1) is renormalizable by the criterion
established in § 2.3.1, our theory is indeed a UV completion of the Weinberg
operator. In fact, our theory is arguably the simplest UV completion of the
Weinberg operator. This follows from the observation that any theory that
UV completes the Weinberg operator must have a channel like Eq. (3.2)
H · L α operator. Since
built into the model in order to get two counts of the H
a real scalar field is the simplest type of field within QFT (in terms of
degrees of freedom), introducing a real scalar field to animate the channel
(3.2) is likewise the most straightforward and natural way to reproduce the
Weinberg operator.
Additionally, we also expect our model to be the dominant leptonantilepton asymmetry-generating mechanism. This follows because, as we
mentioned, the Weinberg operator is the leading order extension to the SM
that violates lepton number. As such, it is the least suppressed operator
extension to the SM that violates CP. Therefore, it is natural to expect the
Weinberg operator to gross the greatest amount of leptonic CP violation
among all possible SM extensions. Consequently, our model, viewed as the
simplest UV completion of the Weinberg operator, is also expected to be the
dominant source of a lepton-antilepton asymmetry.
Up to now, we have described our model as “simple.” This is a misnomer,
for the calculations are largely intractable unless we make simplifying
assumptions. So far, the mass m φ of the scalar field φ is an unspecified
parameter in our theory. In this paper, we shall assume the right-handed
neutrinos to be considerably more massive than φ, so that m φ  | MI | . This
allows us to integrate out the right-handed neutrinos from propagators, so
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φ

NI

H

Lα

Figure 3.1 Legend for propagator lines for the various fields in our study.

that the decay channel in Eq. (3.2) is, in the resulting EFT, simply



H · Lα
φ→ H





H · Lβ .
H

(3.3)

In this respect, this limit is also quite interesting, because it allows us to
directly compare the rate of the decay channel (3.3) to its antiparticle process.
Of course, the approximation itself generates a myriad of EFT operators,
which are needed to calculate and compare the relevant decay widths.

3.1.2

Effective Field Theory

Here, we determine the EFT operators in the limit m φ  | MI | within the
framework of Eq. (3.1). In drawing Feynman diagrams, we adopt the
convention in Fig. 3.1 for the propagator lines of the various fields. As before,
Greek indices denote flavor and lower-case Latin letters are SU(2) indices.
In particular, spinor indices are always suppressed (we employ the spinor
index convention adopted in § 2.2.6). To save space, we (mostly) omit the i
factors in the Weyl propagator rules in Fig. 2.3. Moreover, we introduce the
following “characteristic sets” that detail a given particle’s momentum (p),
SU(2) index (Latin), and, if applicable, spin (s) and flavor (Greek):

1a ≡ { p1 , s1 , α, a } ,
2c ≡ { p2 , s2 , β, c } ,

3b ≡ { p 3 , b } ,
4d ≡ { p 4 , d } .

We explicitly decorate each characteristic set with its corresponding SU(2)
index to facilitate the diagrammatic representation of identical particles and
SU(2) sums in amplitudes. Finally, momenta, labelled p 1 and p 2 for leptons,
and p 3 and p 4 for Higgs particles, are either incoming or outgoing. In order
to compute momentum-dependent operators, we employ the operator-vertex
rules that stem from the free-field theory of a generic field ϕ [26]:




hp 0 | ϕ† ∂µ ϕ | p i  +ip µ exp −i (p 0 − p ) · x ,



hp 0 | ∂µ ϕ† ϕ | p i  −ip 0µ exp −i (p 0 − p ) · x ,

(3.4)
(3.5)

where hp 0 | and | p i are outgoing and incoming momentum states, respectively.
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3b

3b

4d

4d

p2 + p4
EFT

O1

2c

1a
Figure 3.2

1a

2c

The EFT operator O1 for the decay channel (3.6) in our theory.

In the EFT of Eq. (3.1), there are a total of seven effective operators (this
includes Hermitian conjugates). The first is the Weinberg operator O0 , which
is illustrated in Fig. 2.4 and which we rewrite here for completeness:
O0 ≡



1 X FαI FβI  H
H · Lβ .
H · Lα H
2
MI
I

Evidently, the Weinberg operator accounts for two of the seven effective
operators in our theory, namely O0 and O0† .
The next effective operator, denoted O1 , is for the decay channel

H · L α → NI → H
H∗ · L β ,
H

(3.6)

which is allowed because the right-handed neutrinos are Majorana fermions.
This is illustrated in Fig. 3.2. In order to compute the coefficient in front
of the fields in the O1 operator, we need to apply the Weyl formalism for
computing matrix elements, which was summarized in § 2.2.6.1
Starting with the external, final state Weyl spinor with characteristic set
2c in Fig. 3.2, and traversing the diagram to the external, initial state Weyl
spinor with characteristic set 1a , we obtain the amplitude


 i (p2 + p4 ) · σ
+ −iF ∗ y † (1a )χ∗ (3b )χ(4d ) ab  cd ,
iM1  y (2c ) −iFβI *
αI
2
2
, (p2 + p4 ) − MI where a sum over I is (presently) implicit. Here, the Higgs wavefunctions
χ and χ ∗ as well as the spinor wavefunctions are written as functions of
1We shall go through the next two diagrams in sufficient detail to elucidate that procedure.
After that, we state only the relevant results for given diagrams. Of course, we will mention
the computational subtleties of exceptional diagrams.
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1a

1a

3b

3b

+

1a
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EFT

O2

4d
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4d

2c

2c

2c

Figure 3.3 The EFT operator O2 of the CP -conjugated Weinberg operator
decay channel (3.2). Notice, there are two identical ways to identify the final
states, which is encoded into the possible contractions of the SU(2) indices.

their characteristic sets, which allows us to identify the SU(2) sums in the
amplitude. Moreover, in writing this amplitude, we chose the NI propagator
from Fig. 2.3 that respects the spinor index structure of the diagram. For
this propagator, like in the EFT calculation (2.18), the approximation that
the momenta are considerably smaller than | MI | implies
i p2 + p4 · σ



(p2 + p4 −
)2

≈−

i (p2 + p4 ) · σ

MI2

MI2

.

Hence, in the EFT, the amplitude ultimately simplifies to (with the I sum
now explicit)
iM1 

X iFβI F ∗

αI

I

MI2

p2 + p4


µ

y (2c ) σ µ y † (1a ) χ ∗ (3b ) χ (4d )  ab  cd .

Since p2 and p 4 are outgoing momenta, we can apply Eq. (3.5) to obtain the
corresponding operator. The result is
O1 

X FβI F ∗
I

αI
2
MI

H† · L†α σ µ H
H · Lβ .
∂µ H








Of course, the h.c. operator O1† is appended to the EFT as well.
The next operator, O2 , is the first of two manifestations of the antiparticle
version of the decay channel (3.2). It is illustrated in Fig. 3.3. Notice, for this
decay channel there are two identical ways to identify the final states. The
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identification itself is encoded into the possible contractions of the SU(2)
indices. In other words, the amplitude is an equal superposition of an
 ab  cd contraction and an  ad  cb contraction. Starting at the lepton with
characteristic set 2c and traversing to the other lepton with characteristic set
1a , we obtain
iMI +
iMI +
(
iYI ) *
(−iFαI )
2
2
2
2
, p − MI , p − MI -

iM2  y (2c ) −iFβI *







× y (1a ) χ (3b ) χ (4d )  ab  cd +  ad  cb . (3.7)
Here, p is the propagator momentum of the right-handed neutrinos. Like
before, integrating out the right-handed neutrinos amounts to approximating
the propagator factors as
i
iMI
≈−
.
2
MI
p 2 − MI
The EFT amplitude is then (again restoring the I sum)
iM2  −i

X FαI FβI
I

MI2





y (2c ) y (1a ) χ (3b ) χ (4d )  ab  cd +  ad  cb .

(3.8)

To compute the corresponding EFT vertex factor, we note that the amplitude
is invariant under the exchange α ↔ β in the Yukawa couplings. Thus, to
not double count the fields in the effective operator, we divide by two:
O2  −



1 X FαI FβI YI  H
H
φ
H
·
L
H
·
L
α
β .
2
MI2
I

Here, a useful and important point is that this result can be obtained by
looking at the h.c. reaction of Fig. 3.3 (where all the arrows are reversed). In
this case, the y spinor wavefunctions are replaced with x † wavefunctions.
Then, when conjugating to get back to the decay process illustrated in
Fig. 3.3, the wavefunctions become x spinors. Doing it this way, we find the
amplitude (3.8) can be written equivalently as
iM2  −i

X FαI FβI
I

MI2





x (1a ) x (2c ) χ (3b ) χ (4d )  ab  cd +  ad  cb .

(3.9)

Again, this (equivalent) representation is useful later on, especially when
evaluating spin-sums in § 3.3.1.
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Figure 3.4 The EFT operator O3 of the decay channel (3.10). Notice, there are
two distinct internal processes that yield the final states of this decay channel.

The only remaining decay channel in our theory is the lepton number
preserving channel



H∗ · L α
φ → NI NI → H





H · Lβ ,
H

(3.10)

The corresponding effective operator, O3 , is illustrated in Fig. 3.4. Proceeding
as before (i.e., beginning with the Weyl spinor with characteristic set 2c ), we
obtain the amplitude
iM3  i

∗
X FαI FβI
YI
I

MI3

x † (2c ) σ µ p 2 + p 4 − p1 − p 3


µ

y (1a ) χ (3b ) χ (4d )  ab  cd .

In this case, all the momenta are outgoing. Hence, we must apply the rule
(3.5) to each outgoing momentum term in calculating the effective operator.
Careful application of that rule gives the result
O3  −

∗
X FαI FβI
YI
I

MI3

H† · L† σ µ H
H · Lα − H
H † · L † σ µ ∂µ H
H · Lα
φ ∂µ H
β
β
f















g

.

This is the last of the seven effective operators in our theory. Notice, O3  O3† ,
so there is not an eighth operator. This means that our model, in its effective
field theory extension to the Standard Model, reads
LESM EFT ⊃ O3 +

2
X
k0

Ok + Ok†
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We therefore have in hand the necessary operators to study the leading order
CP violation within our model. As we discuss in detail in the following
section, this amounts to computing the amplitudes of the asymmetrygenerating channels to the desired order.

3.2

CP-Violating Amplitudes

Both the leading order tree- and loop-level CP-violating diagrams are calculated in this section. We then discuss the important interference terms that
go into calculating the degree of CP violation in our model. Unfortunately,
three of the four of these calculations are incomplete. Because of this, we
only discuss the complete one, and proceed schematically thereafter. We
recount on the outstanding calculations of this thesis in the final section of
the chapter.

3.2.1

Leading Order Trees

The tree-level diagrams are straightforward to obtain, for we have already
computed them. Denote by Ti ( φ → · · · ), i ∈ {1, 2, . . . }, a tree-level amplitude for the decay channel φ → · · · . Then, the net tree-level CP-violating
contribution to our theory is simply the sum of all tree-level CP-violating
matrix elements:

T≡

X

f


g
H · Lα H
H · Lβ .
Ti φ → H

(3.11)

i

Surveying the effective operators in our theory, we see that M2∗ in Eqs. (3.8)
and (3.9), associated with the Weinberg-like decay channel (3.3), is the only
tree-level CP-violating diagram. Thus, i  1 is the only option, and we
simply have
T  T1 ≡ M2∗ .
It follows that M2 is the leading order CP-violating process in our theory.
Of course, this is expected since O2 and its associated amplitude M2 is the
least suppressed implementation of the Weinberg operator in our model.

3.2.2

Leading Order Loops

The leading order CP-violating loops are less straightforward. Of course,
all of these are necessarily at the one-loop level. Additionally, they are all
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suppressed by a factor of MI−4 . This follows from the observation that only a
pairing of the effective operators O0 with O3 or O1 with O2 can generate a
CP-violating loop diagram (see Figs. 2.4, 3.2, 3.3, and 3.4). Thus, since
O0 O3 ∼ O1 O2 ∼ MI−4 ,

(3.12)

the dominant one loop-level CP-violating diagrams are indeed suppressed
by MI−4 .
Similar to the tree-level case, we denote by Li ( φ → · · · ) a one loop-level
amplitude that animates the decay channel φ → · · · . Then, the net one
loop-level CP-violating contribution is again the sum of all one loop-level
CP-violating matrix elements:

L≡

X

f


g
H · Lα H
H · Lβ .
Li φ → H

(3.13)

i

Based on Eq. (3.12), we deduce that there are only four such one loop-level
diagrams, which implies i ∈ {1, 2, 3, 4}. This follows because, upon fixing
the 1 → 4 body decays of the O2 operator, there are exactly two ways to place
the O0 operator. Similarly for the O1 and O2 operators. The two possible
O0 O3 one loop-level diagrams are illustrated in Fig. 3.5. There, we have
defined the one loop-level CP-violating amplitudes L1 and L2 .
In order to evaluate the loop amplitudes, it is useful to introduce a
characteristic set for the loop itself:

O ≡ { γ, m, n } .

(3.14)

Here, γ is the flavor index on the loop fermion, and m and n are the SU(2)
indices for the fermion and Higgs in the loop, respectively. These labels are
exclusively used for the loops in all remaining calculations.
For L1 , we start with the 2c fermion and traverse towards the 1a fermion.
Using the same Weyl rules as before, we find
i L1  −Iµ ( p1 , p 3 )

∗ ∗
X FγI FβI
Fγ J Fα∗ J YI
I,J

MI3 M J

( p 2 + p 4 − p 1 − p 3 )ν

× x † (2c ) σ µ σ ν x † (1a ) χ ∗ (3b ) χ ∗ (4d )  cd  mn  ab  mn +  an  mb . (3.15)





A few comments are in order. First, the I and J indices are the separate
right-handed neutrino indices emerging from the two EFT operators O0 and
O3 . Second, there is an implicit sum over the loop flavor index γ as well as
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l + p2 + p4
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4d

l

4d
O0†
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2c

Figure 3.5 The two possible O0 O3 one loop-level CP -violating diagrams (excluding the Hermitian conjugate reactions). We define the one loop-level amplitudes L1 and L2 in Eq. (3.13) through this diagrammatic representation. Here, l
is the loop momentum and O is the characteristic set of the loop [see Eq. (3.14)].

the loop SU(2) indices m and n. Third, the SU(2)  factors are determined
from the SU(2) contraction structure of the O3 and O0 operators. For O3 , we
see in Fig. 3.4 that only one contraction (namely  cd  mn ) is possible since
the final states are distinguishable. However, for O0 , the Higgs particles are
indistinguishable (see Fig. 2.4). Hence, like we did for O2 in Eq. (3.7), there
are two ways to identify the final states, and it is encoded into the SU(2)
contraction  ab  mn +  an  mb . Multiplying the two SU(2) factors together
gives


 cd  mn  ab  mn +  an  mb
(3.16)
which is the SU(2) factor in the L1 amplitude (3.15). Finally, we have
introduced in Eq. (3.15) the loop integral

Z
Iµ ( p i , p j ) ≡

lµ
d4 l
.
4
2
(2π) l (l + p i + p j )2

(3.17)

Since Iµ σ µ has dimensions of [ p ] and must be Lorentz invariant, we conclude
that
Iµ ( p i , p j )  I ( p i + p j )µ ,

CP-Violating Amplitudes 53
where, on the right side, I is a constant from the loop integration that is
determined in § 3.3.2. This allows us to simplify Eq. (3.15) to
i L1  −I

∗ ∗
X FγI FβI
Fγ J Fα∗ J YI
I,J

MI3 M J

( p 1 + p 3 )µ ( p 2 + p 4 − p 1 − p 3 )ν

× x (2c ) σ µ σ ν x † (1a ) χ ∗ (3b ) χ ∗ (4d )  cd  mn  ab  mn +  an  mb . (3.18)



†



We can follow essentially the same procedure for the L2 loop amplitude.
The main difference is the sum structure between the α and β indices, and
the momentum dependence that derives from the loop integral (3.17). Of
course, this is predictable seeing how the L2 diagram in Fig. 3.5 and the
indices therein relate to the L1 diagram. Starting with 2c and traversing over
to 1a , we ultimately obtain
i L2  I

∗
X FγI Fβ∗ J Fγ∗ J FαI
YI
I,J

MI3 M J

( p 2 + p 4 )µ ( p 2 + p 4 − p 1 − p 3 )ν

× x † (2c ) σ µ σ ν x † (1a ) χ ∗ (3b ) χ ∗ (4d )  ab  mn  cd  mn +  cn  md .





Incidentally, the same SU(2) sum subtlety from Eq. (3.16) arises here too,
except the index labels are exchanged to accommodate the placement of the
operators: a ↔ c, b ↔ d.
There remain two more loops, L3 and L4 , that contribute to the total
one loop-level CP-violating amplitude (3.13). These are diagrammatically
defined in Fig. 3.6.
For L3 , we find
i L3  I

∗ ∗
X Fγ J Fα∗ J FβI
FγI YI
I,J

MI2 M 2J

(p1 + p3 )µ (p1 + p3 )ν x † (2c )σ µ σ ν x † (1a )




× χ∗ (3b ) χ∗ (4d )  ab  mn  cd  mn +  cn  md .
Similar to the L1 and L2 amplitudes, the SU(2) contraction follows from
the SU(2) structure of the EFT operators O1 and O2 . For O1 , it follows
from Fig. 3.2 that only an  ab  mn contraction is allowed since the states are
distinguishable. However, for O2 , it is evident from Fig. 3.3 that the final
states are indistinguishable, so the net SU(2) contraction is  cd  mn +  cn  md .
Consequently, the product of the O1 SU(2) contraction with the O2 SU(2)
contraction is identical to Eq. (3.16) but with different labels:



 ab  mn  cd  mn +  cn  md
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Figure 3.6 The two possible O1 O2 one loop-level CP -violating diagrams (excluding the Hermitian conjugate reactions). We define the one loop-level amplitudes L3 and L4 in Eq. (3.13) through this diagrammatic representation. Again, l
is the loop momentum and O is the characteristic set of the loop [see Eq. (3.14)].

which is what appears in the L3 amplitude.
The final loop amplitude is L4 , which is identical to L3 except the momenta
are swapped and the implicit sum structure is changed. We find
i L4  I

∗
∗
X Fγ J Fβ∗ J FαI
FγI
YI
I,J

MI2 M 2J

(p2 + p4 )µ (p2 + p4 )ν x † (2c )σ µ σ ν x † (1a )




× χ ∗ (3b ) χ ∗ (4d )  cd  mn  ab  mn +  an  mb .
With all the relevant amplitudes in hand,2 we are now in a position to
determine the necessary interference terms and spin-sums to probe the
degree of CP violation in our theory.

3.3

The CP Source and Four Body Phase Space

A leptogenesis in the early Universe occurs when the rate of lepton production
exceeds the rate of antilepton production. Indeed, quantifying the degree to
2Strictly speaking, we also need the tree- and one loop-level amplitudes for the CP ∗

H∗ · L α H
H · L β . We address this issue in the next section.
conjugated decay channel φ → H
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which φ preferentially decays into leptons over antileptons is paramount to
deducing the imbalance in lepton-antilepton abundances in our model. By
studying the rate at which leptons are produced relative to antileptons, we
are able to determine the relative abundance of leptons to antileptons that we
would expect after some finite amount of time. In our model, quantifying the
extent to which leptons are preferentially produced relative to antileptons
amounts to computing the CP source:
≡

f





H∗ · L β
H

f





H∗ · L β
H

f





H · Lβ
H

g

H∗ · L α
−Γ φ → H

f





H · Lβ
H

g

H∗ · L α
+Γ φ → H

H · Lα
Γ φ→ H
H · Lα
Γ φ→ H

g
g .

(3.19)

Whereas the CP source tells us the degree of CP violation in the theory, it
says nothing about the source of the CP violation in the theory. For that, we
need the interference terms between different amplitudes.

3.3.1

Tree-Loop Interferences

This is because CP violation necessarily originates from the complex phases
inherent to the amplitudes [26]. Hence, we need to first determine the
interference terms between the tree- and one loop-level amplitudes in order
to calculate the CP source. In particular, we do not determine interference
terms between loops because those are suppressed by a factor of | MI |−8 .
Such high suppression is “second-order.” We want the leading order CP
violation in our model, which is suppressed by | MI |−6 (one tree and one
loop). Ultimately, the tree-loop interferences are contained in the amplitude
M ≡ T + L  T1 + L1 + L2 + L3 + L4 .
Squaring M gives

|M |2  |T1 |2 +

4
X
i1

|Li |2 +

4
X



T1∗ Li + T1 L∗i + O | MI |−8 .

(3.20)

i1

The sum in the third term shows that, to determine the degree of tree-loop
interferences, it is sufficient to determine separately the interference
of T1

∗ ∗
∗
with L1 , L2 , L3 , and L4 . But there is more. Since T1 Li  T1 Li for all
i ∈ {1, 2, 3, 4}, it is in fact sufficient to calculate only the T1∗ Li interferences
to determine the net tree- and one loop-level interference terms.
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The brief discussion above shows that the interference between the T1
and L1 amplitudes is entirely contained in the squared amplitude T1∗ L1 . Since
T1∗  M2 , we find from Eqs. (3.9) and (3.18) that3

T1∗ L1

 −iI

∗ ∗
X FαK FβK FγI FβI
Fγ J Fα∗ J YI
I, J,K

MK2 MI3 M J

( p 1 + p 3 )µ ( p 2 + p 4 − p 1 − p 3 )ν

× x (1e ) x (2 g ) x † (2c ) σ µ σ ν x † (1a ) χ ∗ (3 f ) χ (3b ) χ ∗ (4h ) χ (4d )









×  e f  gh +  e h  g f  cd  mn  ab  mn +  an  mb δ c g δ ae δ f b δ dh .
The SU(2) factors deserve a comment. To the tree-level diagram, we have
assigned the SU(2) indices e and g to the spinors, and f and h to the Higgs
particles. However, in the decay products, we must be able to identify the
four decay products with only four distinct SU(2) indices. Hence, we must
contract the SU(2) indices of alike output products with Kronecker delta
functions. When we do this, the wavefunction and SU(2) portion of the T1∗ L1
product simplifies to
x (1a ) x (2c ) x † (2c ) σ µ σ ν x † (1a )  ab  cd +  ad  cb  cd  mn  ab  mn +  an  mb ,









where we have dropped the wavefunctions for the Higgs particles. In fact,
we can simplify this more by evaluating the SU(2) contractions, provided
we account for identical particles. For the case α  β, we have a  c and
we must divide by two so to not double count the identical field. However,
if α , β, then a , c and we do not do anything. Similarly for the Higgs
particles, where if b  d, we divide by two (because they are identical).
Otherwise, we do nothing special. Evaluating the sum this way gives




 
9
f αβ ≡  ab  cd +  ad  cb  cd  mn  ab  mn +  an  mb  
 12


if α  β,
otherwise.

Hence, the Tl∗ L1 interference simplifies to

T1∗ L1

 −i f αβ I

∗ ∗
X FαK FβK FγI FβI
Fγ J Fα∗ J YI
I, J,K

MK2 MI3 M J

( p 1 + p 3 )µ ( p 2 + p 4 − p 1 − p 3 )ν

× x (1a ) x (2c ) x † (2c ) σ µ σ ν x † (1a ) (3.21)
3Notice, we are using the second form of the M2 amplitude that we previously derived.
As we shall see, this form permits us to easily apply the spin-sum identities for Weyl spinor
wavefunctions that we mentioned back in § 2.2.4.
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We are now in a position to determine the corresponding spin-average of
the T1∗ L1 interference. To do this, we sum over the respective spins of the
external spinor wavefunctions in the above Tl∗ L1 interference term. Using
the spin-sum equation (2.15), we obtain

XX
s1

x (1a ) x (2c ) x † (2c ) σ µ σ ν x † (1a )  ( p 2 )α ( p 1 )β Tr σ α σ µ σ ν σ β ,

f

g

(3.22)

s2

where s 1 ∈ 1a is the spin associated with the 1a particle and s 2 ∈ 2c . We
recognize the trace over the sigma matrices from Eq. (2.19). It is repeated
here (with the appropriate index structure) for convenience:
Tr σ α σ µ σ ν σ β  2 g αµ g νβ − g αν g µβ + g αβ g µν + i αµνβ .

f

g



Now, we focus exclusively on the momentum terms in Eq. (3.21) and, using
this trace identity, evaluate the implicit sums over the spacetime indices in
Eq. (3.22). The result, albeit very tedious to obtain, is

f
g
(p1 + p3 )µ (p2 + p4 − p1 − p3 )ν (p2 )α (p1 )β Tr σ α σ µ σ ν σ β


 −2( p 1 · p 4 )( p 2 · p 3 ) + 2( p 1 · p 3 )( p 2 · p 4 ) + 2( p 1 · p 2 ) ( p3 · p 4 ) − 2( p 1 · p 3 ) .
Consequently, the spin-averaged T1∗ L1 interference (3.21) becomes:

T1∗ L1

 −2i f αβ I

∗ ∗
X FαK FβK FγI FβI
Fγ J Fα∗ J YI
I, J,K

MK2 MI3 M J

× −( p 1 · p4 )( p 2 · p 3 ) + ( p 1 · p 3 )( p2 · p 4 ) + ( p 1 · p 2 ) ( p3 · p4 ) − 2( p 1 · p 3 )
(3.23)







Consequently, the net interference between the T1 and L1 diagrams, denoted
by |Mint (T1 , L1 )|2 , is then just twice the real part of this expression [because
we have to account for the T1 L∗1 term in the interference sum (3.20)]. Since
there is a factor of i in the interference itself, this amounts to evaluating the
imaginary part of the Yukawa couplings (and the loop integration constant):

|Mint (T1 , L1 )|2  −4 f αβ



∗ ∗
X Im IFαK FβK FγI FβI
Fγ J Fα∗ J YI
I,J,K

MK2 MI3 M J

× −( p 1 · p4 )( p 2 · p 3 ) + ( p 1 · p 3 )( p2 · p 4 ) + ( p 1 · p 2 ) ( p3 · p4 ) − 2( p 1 · p 3 )
(3.24)
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Crucially, this shows that we only need the imaginary part of the loop
integration constant. We shall take this up in the next subsection.
Now, we could go through a very similar set of calculations for the CP
conjugate decay channel



H∗ · L α
φ→ H



H∗ · L β
H



to compute the net antiparticle CP-violating tree- and loop-level matrix
elements T and L, respectively, [each defined similarly to Eqs. (3.11) and
(3.13)], and then find the antiparticle |Mint (T 1 , L1 )|2 interference term. However, in evaluating the CP-conjugated diagrams, one finds that the basic
structure of a given amplitude remains intact. [We demonstrated this by
computing the M2 amplitude in two different ways: see Eqs. (3.9) and (3.18).]
The only difference is that the Yukawa couplings are conjugated, and the
σ and σ matrices are swapped. Importantly, this does not change the final
momentum structure after spin-averaging, ultimately because the trace is a
cyclic operator (see the discussion at the end of § 2.2.6 about the trace of σ
and σ products). Moreover, it does not change the sign on the imaginary
part of the interference term by virtue of unitarity. Consequently, we can
deduce directly from Eq. (3.23) that the CP violation due to the T1 and L1
interference is simply

|∆Mint (T1 , L1 )|2  −8 f αβ



∗ ∗
X Im IFαK FβK FγI FβI
Fγ J Fα∗ J YI
I,J,K

MK2 MI3 M J

× −( p 1 · p4 )( p 2 · p 3 ) + ( p 1 · p 3 )( p2 · p 4 ) + ( p 1 · p 2 ) ( p3 · p4 ) − 2( p 1 · p 3 ) .







Keep in mind that this is only one of four interference terms that we need to
determine the leading order CP violation in our theory. Of course, the other
interference calculations should follow similarly. Unfortunately, however,
these calculations are still outstanding.
The eventual goal, of course, is to determine the remaining interference
terms in order to quantify the total interference, given by |∆Mint (T , L)|2 . The
upshot is that the procedure is in place to do this (namely, what we have
described here), so all that really remains is to trudge through the algebra
and get the result. This is the largest hurdle between us and the CP source.
We discuss in the next section the value of the loop integration constant I,
and, in the section thereafter, the schematic procedure we will use to later
compute the decay widths in Eq. (3.19).
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3.3.2

The Loop Integral

The only unspecified value in the tree-loop interference terms is the loop
integration constant I. In practice, we are only interested in the imaginary
part of I, as Eq. (3.24) shows. The first step in computing I, like most loop
integrals, is to Feynman parametrize the integrand of Eq. (3.17) [50]:
1

2
l ( l + Q i j )2

Z

1

−2

dx ( l + xQ i j )2 − ∆



,

0

where Q i j ≡ p i + p j and ∆ ≡ x 2 Q 2i j − xQ 2i j . This equation is straightforward to
verify. Now, let us make the variable redefinition l → l + xQ i j and substitute
everything back into Iµ . The result is

Z

Z

1

Iµ ( p i , p j ) 

dx
0

d4 l l µ − x (Q i j )µ
.
(2π)4 (l 2 − ∆)2

This breaks the integral up into two terms, one with l µ in the numerator and
the other with x (Q i j )µ . Fortunatly, the case with l µ is trivial: the integrand
is an odd function. Since we are integrating over all of momentum space,
that term vanishes completely, leaving only the x (Q i j )µ term:

Z

Z

1

Iµ ( p i , p j )  −(Q i j )µ

dx
0

d4 l
x
.
4
(2π) (l 2 − ∆)2

(3.25)

The integral over l is a standard one found in many QFT books. See, e.g.,
Ref. [26] for a detailed description. Ultimately, we employ the dimensional
regularization scheme to cast the integral into a less formidable form. This
process begins by first Wick rotating the integrand to Euclidean space and
generalizing the integral to a d −  dimensional spacetime, where  > 0.
Importantly, the Wick rotation does not change the result because the rotated
contour does not pass through either of the poles of the integrand (because
secretly there is an i in the denominator from the propagator definitions in
Fig. 2.3). The result is [48]

Z


d
Γ 2 − d2  1  2+ 2
dd l E
1

,
(2π)d (l 2 − ∆)2
(4π)d/2 ∆

where lE0 ≡ il 0 and lEi ≡ l i (the E subscript stands for “Euclidean”). Now,
there is a subtle problem in generalizing to d  4 −  dimensions: the mass
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dimensions of the coupling constants change, which, per the discussion in
§ 2.3.1, alters the renormalizablility of the theory. The solution is to use the
MS scheme to absorb the ensuing divergences, which amounts to regulating
the
√ dimension in the integral by introducing a new, unphysical parameter
µ 4πe −γ/2 into the theory, where γ is the Euler-Mascheroni constant and µ
is such that µ → 1 as  → 0. Then, in the limit as  → 0, one gets in MS [48]

  d
2+ 2

d
2
(4π)d/2

Γ 2−

1
∆

"

!

#

2
∆
1
− log 2 + O (  ) .

2
(4π) 
µ

(3.26)

Ultimately, as we mentioned above, we only want the imaginary part of this
function. The divergent  −1 piece is absorbed by the counterterm in the
renormalization procedure, so we can ignore it [26]. Now, since dd lE  idd l,
we find from Eqs. (3.25) and (3.26) that
Im I µ ( p i , p j ) 





Qi j

 Z

1

µ

f

g

x Im log x ( x − 1)Q 2i j − i dx,

16π 2

0

where we have set µ  1 (since   0) and used the definition for ∆ from above
with the i term from the propagator explicitly included. The integrand
contains a complex logarithm of a complex number that has a negative real
part. Hence, as the propagator  → 0, the imaginary part of the principle
value of the logarithm approaches π. Consequently, integrating x over
x ∈ [0, 1] determines the loop integral Iµ to be
Im Iµ ( p i , p j ) 





(Q i j ) µ
32π



( p i + p j )µ
32π

.

In particular, the loop integration constant I  (32π )−1 . Substituting this
value into all the tree-loop interference terms in the preceding section then
completely determines those interferences in terms of the final state momenta
and the coupling constants in the theory. At this point, therefore,after we
compute the remaining interference terms, the only outstanding calculation
needed to compute the CP source (3.19) in our theory is the evaluation of
the two decay widths in the definition of the CP source.

3.3.3

Four Body Phase Space Integration

The CP source requires the decay width Γ of a 1 → 4 body decay channel
(3.3) (and its antiparticle process). This is not an easy problem. Since we do
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not hvae complete results for the interference terms, we only schematically
go through the procedure for doing this. More details on determining the
decay width of a 1 → 4 body decay can be found in Refs. [69] and [70].
In general, the differential decay width associated with Eq. (3.3) is [26]
dΓ 

1
h|M |2 i dLIPS4 .
2E φ

(3.27)

Here, h|M |i2 is the spin-averaged and flavor-summed squared matrix element
for the decay channel (3.3) that we have only partially solved for in § 3.3.1,
and E φ is the energy of the φ particle. Additionally,
4
X

dLIPS4 ≡ (2π ) δ p φ −
pk +
,
k1
4 4*

4 
Y
 d3 p j 


(2π)3 2p 0j 
j1 

(3.28)

is a differential element in Lorentz invariant phase space for a φ decay into
four separate bodies with momenta p 1 , . . . , p 4 . Whereas this approach is
the canonical one for evaluating simple decay widths in lower dimensional
phase space, direct integration of the momenta is untenable for a 1 → 4 body
decay problem.4 Instead, it is better to proceed in the rest frame of three of
the four decaying particles, i.e., on the hypersurface in phase space that is
defined by p i + p j + p k  0, where i, j, k ∈ {1, 2, 3, 4} are pairwise distinct
momentum indices, and judiciously parametrize the momenta. For the rest
frame, we can, without loss of generality, choose i  2, j  3, k  4 [69].
Moreover, we note that the final states in the decay are all massless since this
decay process occurs before electroweak symmetry breaking. Under these
assumptions, one ultimately finds that the differential phase space element
(3.28) can be written in a newly parametrized form as follows [69]:
m 4φ Ω Ω Ω λ (1 − λ ) (1 − λ )
1
2
1 2 3 1
dLIPS4 
dλ1 dλ2 dλ3 dλ4 dλ5 .
p
8
128 (2π )
λ 5 (1 − λ 5 )
A lot has happened here. First, Ωn is the volume of the unit n-sphere. Second,
and most importantly, we have introduced the parameters λ i ∈ [0, 1], for
i ∈ {1, 2, 3, 4, 5}, that parametrize the possible momentum contractions in
h|M |2 i in the differential decay width (3.27). In particular, they are defined
4See Ref. [71] for the awfulness that can ensue for the simpler 1 → 3 body decay.
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implicitly to satisfy [69; 70]:5
p3 + p4

2

 λ1 λ2 ,

p2 + p3

2

 λ 1 (1 − λ 2 ) λ 4 ,

p1 + p3

2

+
−
−
 s 134
− s 134
λ3 + s 134
,

p2 + p3 + p4

2

 λ1 ,

p1 + p3 + p4

2

+
−
−
 s 13
− s 13
λ5 + s 13
,





where
1
[1 + λ2 − λ1 (1 − λ1 ) ± (1 − λ1 ) (1 − λ2 )] ,
2
1
[λ2 (1 − λ4 ) + λ4 ] (1 − λ1 ) + [λ2 (1 − λ4 ) − λ4 ] (1 − 2λ3 )(1 − λ1 )
≡
2
p
± 2(1 − λ1 ) λ2 (1 − λ3 ) λ3 (1 − λ4 ) λ4 .

±
s134
≡
±
s 13

This parametrization encodes all of the momentum information of the φ
decay products on the phase space hypersurface p 2 + p 3 + p 4  0. Consequently, we can in principle rewrite the CP-violating amplitude h|M |2 i as a
function of only the λ i variables:

h|M |2 i(p1 , p2 , p3 , p4 ) → h|M |2 i(λ1 , λ2 , λ3 , λ4 , λ5 ).
In this way, the total decay width Γ follows from integrating over the λ i
parameters with, for example, a Mathematica notebook. As we highlight
in the next and final section, this is the main computational hurdle that
remains to determine the CP source in our model.

3.4

Conclusions and Future Work

In this thesis, we have proposed a new model of leptogenesis based on a
scalar field UV completion of the Weinberg operator. The completion itself is
based on an extension of the Standard Model that includes a real scalar field
that couples to sterile right-handed neutrinos with Majorana masses. The
decay of the scalar particle to the right-handed neutrinos allows us generate
a lepton asymmetry, thereby making it a viable leptogenesis mechanism.
5Strictly speaking, the momenta here are “dimensionless momenta,” each normalized by
the mass of the decaying particle, m φ . See Refs. [69] and [70] for details.
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Within our model, we have calculated all the relevant tree- and loop-level
CP-violating amplitudes that are needed to find the necessary interference
terms that give rise to the CP-violation in the model. Ultimately, our goal is
to deduce the CP source, defined in Eq. (3.19), which allows us to directly
probe the degree to which leptons are preferentially produced relative to
antileptons within our model of leptogenesis.
There remain two main outstanding calculations in this work. First
and most prominently is finalizing the tree- and one loop-level interference
terms that ultimately determine the degree of CP violation in the theory.
Three of these calculations remain. Second, there remain the calculations
of the phase space integrals that determine the CP source. Our discussion
in the preceding section shows that this is actually quite straightforward.
All we have to do is simply replace the momentum dot products in the
spin-averaged squared amplitudes with thee appropriate parameters in the
parametrization that we introduced. Then, a computer program can take it
from there. We look forward to completing these calculations, and thereby
quantifying our model’s CP source, in the very near future.
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